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�Current Design Philosophy

Current codes of practice for the design of structures have been developed within 
the context of the limit-state philosophy: A structure or member is first designed 
so as to exhibit specified performance after attaining its load-carrying capacity, 
i.e. when its ultimate limit state is reached; the design is complemented or even 
revised during a process of checking whether the structure or member exhibits the 
desired behavioural characteristics under service conditions, i.e. at the serviceabil-
ity limit state.

�Anticipated Benefits

The adoption of the limit-state philosophy as the basis of current codes of prac-
tice for the design of concrete structures expresses the conviction that this philos-
ophy is capable of leading to safer and more economical design solutions. After 
all, designing a structural concrete member to its ultimate limit state requires 
the assessment of the load-carrying capacity of the member and this provides a 
clearer indication of the margin of safety against collapse. At the same time, the 
high internal stresses which develop at the ultimate limit state result in a reduction 
of the member cross-section and the amount of reinforcement required to sustain 
internal actions. (Admittedly, the latter economy and, of course, safety itself are 
dependent on the actual safety factor adopted; nevertheless, the more accurate esti-
mate of the true failure load provides an opportunity to reduce the uncertainties 
reflected in the factor of safety in comparison with, say, elastic design solutions).

�Shortcomings

In contrast to the above expectations for more efficient design solutions, there 
have been instances of concrete structures which have been reported to have suf-
fered unexpected types of damage under earthquake action, whereas a number of 
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attempts to investigate experimentally whether or not the aims of limit-state phi-
losophy for safety and economy are indeed achieved by current codes of practice 
have yielded conflicting results. Experimental evidence has been published that 
describes the behaviour of a wide range of structural concrete members (such as, 
for example, beams, columns, beam-column joints, walls, etc.) for which current 
methods for assessing structural performance yield predictions exhibiting exces-
sive deviations from the true behaviour as established by experiment. In fact, in 
certain cases the predictions underestimate considerably the capabilities of a struc-
ture or member—indicating that there is still a long way to go in order to improve 
the economy of current design methods—while in other cases the predictions are 
clearly unsafe as they overestimate the ability of a structure or member to perform 
in a prescribed manner, in spite of the often excessive amount of reinforcement 
specified; and this provides an even more potent pointer to the fact that the rational 
and unified design methodology is still lacking in structural concrete. The lack 
of such a methodology is also reflected in the complexity and the segmented per 
structural element and performance requirement nature of the code specifications.

�Need for Revision of Design Methods

As it will become apparent in the following chapter, the investigation of the causes 
of the above shortcomings led to the conclusion that the conflicting predictions 
are due to the inadequacy of the theoretical basis of the design methods which 
are used to implement the limit-state philosophy in practical design, rather than 
the unrealistic nature of the aims of the design philosophy as such. In fact, it was 
repeatedly shown that the fundamental assumptions of the design methods which 
describe the behaviour of concrete at both the material and structure levels were 
adopted as a result of misinterpretation of the available experimental information 
and/or use of concepts which, while working well for other materials (e.g. steel) 
or regimes (e.g. elastic behaviour), are not necessarily always suitable to concrete 
structures under ultimate-load conditions, i.e. at the ultimate limit state. Therefore, 
it becomes clear that the theoretical basis of current design methods requires an 
extensive revision if the methods are to consistently yield realistic predictions as a 
result of a rational and unified approach.

�Proposed Revisions

Such a revision has been the subject of comprehensive research work carried 
out by Kotsovos and Pavlovic over the past three decades. This was done con-
currently at two levels. One of these—the ‘higher’ level—was based on for-
mal finite-element (FE) modelling of structural concrete with realistic material 
properties and behaviour as its cornerstone: a large part of the ensuing results 
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are contained in the book by Kotsovos and Pavlovic, Structural Concrete, pub-
lished in 1995; those obtained after 1995 are intended to be included in a new 
edition of the book. At the second—the ‘lower’, level an attempt was made to 
reproduce the essential results of complex numerical computations by means 
of much simpler calculations which would require no more effort than is the 
case with current code provisions. The latter approach was deemed necessary 
because, although the Kotsovos and Pavlovic’s FE model has proved useful as 
a consultancy tool for the design, redesign, assessment and even upgrading of 
reinforced concrete structures, the fact remains that most design offices still 
rely on simplified calculation methods which, if not quite ‘back-of-the-enve-
lope’ stuff, are quick, practically hand-based (or easily programmable), provide 
(or claim to provide) a physical feel for the problem, and, of course, conform to 
the simple methodology of code regulations.

�Compressive-Force Path Method

The alternative methodology at this level, which stems from the Kotsovos and 
Pavlovic’s work and is the subject of their book Ultimate Limit-State Design 
of Concrete Structures, published in 1999, and which provided the basis for a 
new, improved design approach for the implementation of the limit-state phi-
losophy into the practical design of concrete structures, involves, on the one 
hand, the identification of the regions of a structural member or structure at 
its ultimate limit state through which the external load is transmitted from its 
point of application to the supports, and, on the other hand, the strengthening 
of these regions so as to impart to the member or structure desired values of 
load-carrying capacity and ductility. As most of the above regions enclose the 
trajectories of internal compressive actions, the new methodology has been 
termed the ‘compressive-force path’ (CFP) method. In contrast to the methods 
implemented in current codes of practice, the proposed methodology is fully 
compatible with the behaviour of concrete (as described by valid experimen-
tal information) at both the material and structure levels capable of producing 
design solutions that have been found to satisfy the code performance require-
ments in all cases investigated.

It may also be of interest to note that, although the CFP method might appear, 
at first sight, to be a rather unorthodox way of designing structural concrete, it 
is easy, with hindsight, to see that it conforms largely to the classical design of 
masonry structures by Greek and Roman Engineers. These tended to rely greatly 
on arch action—later expressed (and extended) through the Byzantine dome and 
the Gothic vaulting. Now, such a mechanism of load transfer may seem largely 
irrelevant for a beam exhibiting an elastic response. However, for a cracked rein-
forced concrete girder close to failure the parallel with an arch-and-tie system 
reveals striking similarities between the time-honoured concept of a compressive 
arch and the newly proposed CFP method.
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�Revised Compressive-Force Path Method

Since the publication of the book by Kotsovos and Pavlovic in 1999, the first 
of the authors has focused his efforts into generalising the CFP method so as to 
extend its application into the whole range of practical cases covered by current 
codes of practice for the design of RC structures, earthquake-resistant RC struc-
tures inclusive. This was achieved by replacing the failure criteria with simple 
expressions which were derived from first principles without the need for calibra-
tion through the use of experimental data on structural concrete behaviour. The 
implementation of these criteria into the CFP method not only simplified the 
assessment of the strength characteristics of structural concrete, but also led to a 
drastic revision of the method and extended its use into the whole range of struc-
tural elements of common RC structures.

�Present Book

The aim of the present book, therefore, is to introduce to designers the revised 
version of the ‘Compressive-Force Path’ Method. Such an introduction not only 
includes the description of its underlying theoretical concepts and their application 
in practice but, also, presents the causes which led to the need for a new design 
methodology for the implementation of the limit-state philosophy into practical 
structural design together with evidence—both experimental and analytical—sup-
porting its validity.

The book is divided into eight chapters.  Chapter 1 presents in a unified form and 
discusses all available information on the conflict between the concepts underlying 
current code provisions and the causes of the observed and/or measured structural 
behaviour. The information presented in Chap. 1 is summarised in Chap. 2 so as to 
form the theoretical basis of the proposed design methodology. The latter forms the 
subject of Chaps. 3–7  which concentrate not only on its description but, also, on its 
implementation into practical design and the presentation of evidence of its validity.

More specifically, Chap. 3 presents the physical model which underlies the 
application of the methodology for the design of simply supported beams, together 
with failure criteria capable of providing a realistic prediction of the load-carrying 
capacity for all types of behaviour characterising such beams. The physical model 
and the failure criteria presented in Chap. 3 are used for the development of the 
design method discussed in Chap. 4; this method is extended so as to apply for 
punching, as described in Chap. 5, and for any structural concrete configuration 
comprising beam, column or wall elements, as described in Chap. 6. Chapter 7 
demonstrates that the proposed methodology is also applicable to the design 
earthquake-resistant RC structures without the need of the modifications normally 
required by the methods adopted by current codes for the design of RC structures 
under normal loading conditions. Finally, the presentation of typical examples of 
the application of the proposed method in design forms the subject of Chap. 8.
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The author is fully aware, of course, that code tenets cannot be ignored by the 
majority of designers, not only because of legal implications but, more positively, 
many guidelines accumulate vast practical experience regarding the detailing of a 
wide range of reinforced concrete structures. Nevertheless, there are clearly prob-
lems for which code guidelines are less successful, and such difficulties need to 
be addressed. The present book is intended to address such problems. Ultimately, 
however, it is up to the experienced engineer, as well as the young graduate or stu-
dent well acquainted with present-day code rules, to decide whether or not ideas 
contained in this book do, in fact, provide a rational alternative to the design of 
structural concrete members.
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1.1 � Introduction

Since the mid-eighties, there has been an increasing amount of experimental 
evidence which shows that many of the concepts underlying current-code provi-
sions for the design of reinforced-concrete (RC) structures are in conflict with fun-
damental properties of concrete at both the material and the structure levels [1]. 
More recently, it has been shown that this conflict has been the cause of the unex-
pected (in accordance with current codes such as, for example, ACI318 [2] and 
EC2 [3]/EC8 [4]) damage suffered at mid height by the vertical (column and struc-
tural-wall) elements of RC buildings during the 1999 Athens earthquake [5]. In 
fact, this finding has been confirmed from the results of tests that reproduced this 
type of damage under controlled laboratory conditions [6–8]. Moreover, the latter 
tests not only revealed additional weaknesses of the provisions of current codes 
for earthquake-resistant design [9], but also indicated that it is, in fact, possible 
to obtain design solutions that satisfy the performance requirements of the codes 
through the use of alternative design approaches that allow for a realistic descrip-
tion of structural-concrete behaviour [6–9].

To this end, the aim of the present chapter is to collate all available information 
on the conflict between the concepts underlying current-code provisions and the 
causes of the observed and/or measured structural behaviour, and present it in a 
unified form. Such information involves fundamental aspects of RC design which 
are associated with, not only flexural and shear design, but also with elements of 
the design of earthquake-resistant RC structures such as, for example, the design 
of hoop reinforcement for the “critical regions” [2–4] and the regions of points 
of contraflexure (points, other than simple supports, along the span of a linear 
structural element, also known as points of inflection, where the bending moment 
is zero) [1, 5, 7]. Moreover, through the use of the above information, it will be 
demonstrated in subsequent chapters that the substitution of the concepts under-
lying the design methods adopted by current codes with alternative ones capable 
of providing a realistic description of structural-concrete behaviour, not only may 
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2 1  Reappraisal of Concepts Underlying Reinforced-Concrete Design

improve the theoretical basis of RC design, but also simplify the design process 
and result in more efficient solutions without compromising the aims of structural 
design for safety, serviceability and economy.

1.2 � Truss Analogy

1.2.1 � Background

The truss analogy (TA), since its inception at the turn of the 20th century [10, 11], 
has always formed the basis of RC design. It became attractive for its simplicity 
and was first implemented in RC design through the permissible-stress philoso-
phy. With the introduction of the limit-state philosophy in the 1970s, its use was 
extended for the description of the physical state of RC structures at their ultimate 
limit state by incorporating concepts such as strain softening [12], aggregate inter-
lock [13, 14], dowel action [13, 15], etc. TA has remained to date the backbone of 
RC design, with more refined versions of it (in the form of the compression-field 
theory [16] and strut-and-tie models [17]) becoming increasingly popular.

The simplest form of such a truss describing the function of a beam-like ele-
ment at its ultimate-limit state is shown in Fig. 1.1. In fact, this beam-like element 
is considered to start behaving as a truss once inclined cracking occurs, with the 
compressive zone and the flexural reinforcement forming the longitudinal struts 
and ties, respectively, the stirrups forming the transverse ties, whereas the cracked 
concrete of the element web is assumed to allow the formation of inclined struts.

1.2.2 � Auxiliary Mechanisms of Shear Resistance

A characteristic feature of the implementation of the above model in current 
design practice is that the truss is often considered to sustain only a portion of 
the shear forces acting on a beam-like element; the remainder is considered to 
be sustained by the combined resistance to shear deformation offered by (a) the 
“uncracked” concrete of the compressive zone, (b) the “cracked” concrete of the 
tensile zone and (c) the flexural reinforcement, with the latter two auxiliary mech-
anisms of shear resistance being widely referred to as “aggregate interlock” [13] 
and “dowel action” [15], respectively.

Fig. 1.1   Truss modelling the 
function of an RC beam at its 
ultimate limit state
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(a)	 Incompatibility with cracking mechanism

The mechanisms of “aggregate interlock” and “dowel action” can only be mobi-
lized through the shearing movement of a crack’s faces; and yet, such a movement 
is incompatible with the well-established cracking mechanism of concrete: a crack 
extends in the direction of the maximum principal compressive stress and opens 
orthogonally to its plane [18–20]. Therefore, a shearing movement cannot occur, 
and, as a result, the mechanisms of “aggregate interlock” and “dowel action” can-
not be mobilised so as to contribute to the structural element’s shear resistance.

(b)	 Incompatibility with mechanic’s principles

Had it been possible for a shear movement to mobilize “aggregate interlock”, 
its contribution to shear resistance could only be possible once the shear resist-
ance of “uncracked” concrete in the compressive zone had been overcome. This is 
because, unlike “uncracked” concrete which exhibits strain-hardening behaviour, 
the behaviour of cracked concrete (within which aggregate interlock could only 
develop) is described by post-peak stress-strain material characteristics [20], and, 
hence, its stiffness is negligible, if any (as it will be discussed later), when com-
pared with the stiffness of uncracked concrete. With such large difference in stiff-
ness the contribution of “aggregate interlock” to the combined shear resistance can 
only be negligible.

(c)	 Incompatibility with observed structural behaviour

The validity of the concept of auxiliary mechanisms of shear resistance has been 
investigated experimentally by testing simply-supported beams under two-point 
loading (see Figs.  1.2 and 1.3) [21–23]. Figure  1.2a and b depict the geometric 
characteristics, together with the reinforcement details, of two types of beams 
with values of the shear span-to-depth ratio equal to approximately 1.5 and 3.3, 
respectively. The beams have the same geometric characteristics and longitudinal 
reinforcement but, with regard to the transverse reinforcement, they have beam 
classified as beams A, B, C, and D in Fig.  1.2a and beams A1, B1, C1 and D1 
in Fig. 1.2b. The beams in Fig. 1.3 are similar to beams A in Fig. 1.2a or A1 in 
Fig.  1.2b, but they differ in the longitudinal reinforcement arrangement as indi-
cated in the figure.

In accordance with current code provisions, for all beams, the load-carrying 
capacity corresponding to flexural capacity is significantly larger than the load-
carrying capacity corresponding only to the contribution of the auxiliary mecha-
nisms to shear resistance. Moreover, it should be noted that, for the beams in 
Fig.  1.2, the transverse reinforcement provided is sufficient, in accordance with 
current code provisions, to safeguard against “shear” types of failure within the 
portions of the beams where it is placed. Since, therefore, the shear capacity of 
the portions of the shear span without transverse reinforcement corresponds to a 
value of the applied load significantly smaller than that leading to flexural fail-
ure, it would be expected that the load-carrying capacity of beams A and D in 
Fig. 1.2a and beams A1, C1, and D1 in Fig. 1.2b corresponded to shear capacity.  

1.2  Truss Analogy
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Yet, the experimental results depicted in Fig. 1.4 show that, in contrast with beams 
A and A1, which did indeed fail in “shear”, beams D, C1 and D1 exhibited a flex-
ural mode of failure. It may also be noted that the load-deflection curves of beam 
D and beams C1 and D1 are similar to those of beams B and C and beam B1, 
respectively, the latter being designed in accordance with current code provisions.

The ductility which characterises the behaviour of beam D1 is directly related to 
the large width of the cracks forming within the tensile zone as the beam approaches 
its ultimate-limit state. It is important to note that the width of the inclined crack 
which formed within the portion of the shear span without shear reinforcement 
exceeded 1 mm [21]. It has been established experimentally that such a crack width 
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Fig.  1.3   Cross-sectional details of simply-supported beams tested under two-point loading in 
order to investigate the validity of the hypothesis of “dowel action” [23]; (2T10, two 10 mm dia. 
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precludes “aggregate interlock” even if there were a shearing movement of the crack 
interfaces [24]. In conclusion, the test results clearly demonstrate that there can be 
no contribution to shear capacity through “aggregate interlock” at the interfaces of 
inclined cracks (a conclusion also corroborated by numerical modelling [25, 26]).

A similar conclusion is drawn for the case of “dowel action” from the results 
obtained from the tests on the beams of Fig. 1.3 [23]. “Dowel action” is effected 
by the bending and shear stiffness of a steel bar, and, as a result, it must be affected 
by the diameter of such bars. A reduction in bar diameter should lead to a consider-
able reduction of the flexural and transverse stiffnesses and, hence, it is realistic to 
expect a significant reduction in the contribution of “dowel action” to shear capac-
ity. However, a reduction in the diameter of the bars used as longitudinal reinforce-
ment for beams, such as beams A and A1 in Fig. 1.2, in a manner that maintains 
the total amount of longitudinal reinforcement essentially constant (see Fig. 1.3), 
was found to have no effect on the shear capacity of the beams (see Fig. 1.5) [23].

(d)	 Mechanism of “shear” resistance

The experimental results presented in the preceding section clearly demonstrate 
that, of the auxiliary mechanisms of shear resistance, only “uncracked” concrete 
in the compressive zone may contribute to the shear capacity of an RC structural 
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1.2  Truss Analogy

Fig. 1.5   Variation of failure load of beams in Fig. 1.3 with the size of the diameter of the 
longitudinal bars [23]
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element. The causes for such behaviour may be explained by using the results 
obtained from tests on RC T-beams tested under six-point loading (see Fig. 1.6) 
[27]. Figure  1.7 shows typical crack patterns of such an RC T-beam for values 
of the applied load equal to 63 and 135 kN. The former of the applied values is 
nearly double the value predicted by current codes, while the latter is about four 
times larger than the code prediction of load-carrying capacity.

It is interesting to note in the figure that, in spite of the considerable increase of 
the applied load, the crack patterns differ only in the width of the inclined crack, 

Fig. 1.7   Crack patterns of RC T-beam in Fig. 1.6 under a total load equal to 63 kN (left) and 
135 kN (right) [27]

Fig. 1.6   Design details and 
loading arrangement of RC 
T-beam tested under six-point 
loading [27]
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which attained a value exceeding 3 mm for the case of the higher load [27]. As 
for the case of beam D1 in Fig.  1.2b, such a crack width precludes “aggregate 
interlock” along the crack surfaces [24]. However, the main characteristic of the 
crack pattern—in both cases—is the deep penetration of the inclined crack into 
the compressive zone which, at the cross-section including the tip of the inclined 
crack, has a depth of merely 10 mm. For the two values of the applied load con-
sidered above, the shear force acting at this cross-section attains values of 10.5 and 
25 kN, respectively. As the size of the crack width precludes any contribution to 
shear capacity other than that of the compressive zone, the mean values of shear 
stress corresponding to the above values of shear force are 5.25 and 12.5  MPa, 
respectively. These values of shear stresses are indicative of the magnitude of the 
tensile stresses expected, in accordance with current design methods, to develop 
within the compressive zone in the region of the tip of the deep inclined crack. As 
the magnitude of the tensile stresses exceeds by a large margin the tensile strength 
(ft) of concrete (ft ≈ 0.1 × fc = 0.1 × 32 = 3.2 MPa, where fc = 32 MPa the com-
pressive strength of the concrete used for manufacturing the beams), failure should 
have occurred well before the lower of the values of the applied shear force con-
sidered above was attained.

However, current design methods ignore the existence of a triaxial compres-
sive-stress field, within the region between the extreme compressive fibre and the 
location of the tip of the deepest inclined crack, which, as discussed later, is inevi-
tably caused by the local volume dilation of concrete under the large longitudi-
nal compressive stresses developing on account of bending at a cross-section with 
a small depth of the compressive zone [1, 20]. The existence of such a triaxial 
compressive stress state counteracts the tensile stresses due to the shear forces act-
ing in the same region in the manner schematically described in Fig. 1.8; hence, 
the stress conditions remain compressive in this region, in spite of the presence of 

1.2  Truss Analogy

Fig. 1.8   Schematic representations of the stress conditions in the region of a deep inclined 
crack: a due to shear force; b due to compressive force caused by bending; and c due to 
combined action of compressive and shear force
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exceedingly high shear stresses. However, as the applied load further increases, 
the shear force eventually obtains a value for which the tensile stresses developing 
cannot be counteracted by the compressive stresses due to volume dilation and, 
thus, failure occurs in the manner described in Sect. 1.3.

1.2.3 � Inclined Strut

The inclined struts of the truss model of an RC structural element at its ultimate-
limit state forms within the web of the structural element where concrete is char-
acterised by the presence of densely spaced inclined cracks; such cracks, for the 
case of cyclic/earthquake loading intersect one another as shown in Fig. 1.9 [28]. 
Moreover, a prerequisite for the formation of inclined struts is that concrete retains 
a sufficient amount of its compressive strength, after the onset of “visible” crack-
ing, which would allow it to sustain the compressive forces assumed to be carried 
by the truss model’s struts. As it is well known that the behaviour of “cracked” 
concrete is described by post-peak stress (σ)-strain (ε) characteristics [20], the 
above prerequisite is considered to be satisfied if concrete is characterised by 
strain-softening behaviour once the peak-load level is exceeded.

However, it is well known that the σ − ε curves describing the behaviour of 
concrete in compression are usually obtained from tests on concrete specimens, 
such as, for example, cylinders or prisms, loaded through steel plates. Inevitably, 
therefore, the difference in the mechanical properties between concrete and steel 
causes the development of frictional forces at the specimen/platen interfaces. 
These forces restrain the lateral expansion of concrete at the end zones of the spec-
imen, and, hence, modify the intended stress conditions in these zones.

Although one of the main objectives of current test techniques is the elimination 
of the above frictional forces, this objective has proved impossible to achieve to date 
[29]. Figure 1.10 shows characteristic stress-strain curves established from tests on 
cylinders in uniaxial compression by using various techniques for reducing friction 
at the specimen/platen interfaces [30]. From the figure, it can be seen that, in contrast 
with the ascending branch, which is essentially independent of the technique used 

Fig. 1.9   Crack pattern of a linear RC structural element under transverse cyclic loading
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to reduce friction, the slope of the descending branch increases with the efficiency 
of the friction-reducing medium employed. In fact, the increase in slope is such that 
it leads to the conclusion that, if it were possible to eliminate friction entirely the 
descending branch would have a 90° slope, which is indicative of an immediate and 
complete loss of load-carrying capacity as soon as the peak stress is attained.

It appears from the above, therefore, that the “softening” branch of a stress-
strain curve essentially describes the interaction between specimen and loading 
platens and not, as widely considered concrete behaviour. Concrete behaviour is 
described only by the ascending branch of an experimentally established σ −  ε 
curve, and loss of load-carrying capacity occurs in a brittle manner. (A simi-
lar conclusion may also be drawn from the experimental information presented 
in Ref. [31], as well as that obtained from an international co-operative project 
organised by RILEM TC-148SSC [29].) Due to its brittle mode of failure, there-
fore, concrete does not have sufficient residual strength that would allow the for-
mation of inclined cracks within an RC structural element’s web.

1.3 � Flexural Capacity

Amongst the assumptions underlying the assessment of flexural capacity is that 
the behaviour of concrete in the compressive zone is adequately described by 
σ − ε curves, comprising both an ascending and a gradually descending branch, 
established from tests on cylinders or prisms in uniaxial compression. This 
assumption, on the one hand attributes the strains, of the order of 0.35 %, meas-
ured at the extreme compressive fibre of an RC beam at its ultimate-limit state 
in flexure, to the strain-softening behaviour of concrete, and, on the other hand, 
implies that the effect of small transverse stresses, which invariably develop in any 
RC structural element, on concrete behaviour is insignificant.

And yet, this assumption is not valid on both counts: as discussed in the pre-
ceding section, concrete is, in nature, a brittle, rather than a softening, mate-
rial, whereas the small transverse stresses have a considerable effect on concrete 

Fig. 1.10   Axial stress-axial 
strain curves obtained from 
uniaxial-compression tests 
on concrete cylinders using 
various means to reduce 
friction at the specimen-
loading platen interfaces [30]
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behaviour [20]. In fact, Fig. 1.11 shows that a transverse stress of the order of 0.1 
fc may either increase load-carryin-g capacity by over 50 %, when compressive, or 
reduce it to zero, when tensile.

Further to the discussion of the post-peak behaviour of concrete in Sect. 1.2.3, the 
irrelevance of strain softening to structural-concrete behaviour may be demonstrated 
by reference to the results obtained from tests on three simply-supported RC beams, 
with a rectangular cross-section, subjected to two-point loading [32]. The details 
of a typical beam are shown in Fig.  1.12, with the central portion in pure flexure 
constituting one-third of the span. Besides the load measurement, the deformational 
response was recorded by using 20 mm long electrical resistance strain gauges and 
linear-voltage differential transducers (LVDTs). The strain gauges were placed on 
the top and side surfaces of the beams in the longitudinal and transverse directions as 
shown in Fig. 1.13. The figure also indicates the position of the LVDTs which were 
used to measure deflection at mid-span and at the loaded cross-sections.

Of the results obtained from the above tests, Fig.  1.14 shows the relation-
ships between longitudinal (i.e. along the beam axis) and transverse (i.e. across 

Fig. 1.11   Strength envelope 
of concrete of concrete under 
axisymmetric states of stress
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the beam width) strains, as measured on the top surface of the girders, through-
out the middle third of the beam span. Also plotted in the figure is the relation-
ship between longitudinal and transverse strains derived from σ − ε relationships 
(shown in Fig.  1.15) established from tests on cylinders under uniaxial com-
pression [1]. Now, if the relationships of Fig.  1.15 were to provide a realistic 
description of concrete behaviour in the compressive zone of the beams tested in 
flexure, then one would expect the relationships between longitudinal and trans-
verse strains measured on the top surface of the beams to be compatible with 
their counterparts established from the cylinder test. Furthermore, longitudinal 

Fig. 1.13   RC beams under two-point loading: beam instrumentation [32]

1.3  Flexural Capacity

Fig. 1.14   Relationships between longitudinal and transverse strains measured on the top surface 
between the load points of the RC beams in Fig. 1.12 (for strain gauge locations see Fig. 1.13) [32]
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macrocracks ought to appear on the top surface of the beams, as indicated in 
Fig.  1.15, where typical crack patterns of axially-compressed concrete cylinders 
around (B–C) and beyond (C–D) the peak-load level are depicted schematically. 
It is apparent from Fig.  1.14, however, that, for the region of the cross-section 
including a primary flexural crack, only the portion of the deformational relation-
ship based on the uniaxial cylinder test up to a level (B) close to the peak-load 
level can provide a realistic description of the behaviour of concrete in the com-
pressive zone of the beam. Beyond this level, there is a dramatic deviation of the 
cylinder strains from the beam relationships. Not only does such behaviour sup-
port the view that the post-peak branch of the deformational response of the cyl-
inder in compression does not describe material response but, more importantly, it 
clearly proves that, while uniaxial σ − ε data may be useful prior to the attainment 
of the peak stress, they are insufficient to describe the behaviour of concrete in the 
compressive zone once this maximum-stress level is approached.

An indication of the causes of behaviour described by the relationships of 
Fig. 1.14 may be seen by reference to Fig. 1.16, which shows the change in shape 
of the transverse deformation profile of the top surface of one of the beams (but 
typical for all beams tested) with load increasing to failure [32]. The characteristic 
feature of these profiles is that, within the ‘critical’ central portion of the beam, 
they exhibit large local tensile strain concentrations which develop in the compres-
sive regions of the cross-sections where primary flexural cracks, that eventually 
cause collapse, occur. Such a large and sudden increase in transverse expansion 
near the ultimate load is indicative of volume dilation and shows quite clearly 
that, even in the absence of stirrups, a triaxial state of stress can be developed in 
localised regions within the compressive zone. The local transverse expansion is 
restrained by concrete in adjacent regions (as indicated by the resultant compres-
sion forces F in Fig. 1.16), a restraint that has been found to be equivalent to at 
least 10 % of fc [32]; hence, as Fig. 1.11 indicates, the compressive region in the 
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plane of the main flexural crack is afforded a considerable increase in strength so 
that failure does not initiate there. Concurrently, the expanding concrete induces 
tensile stresses in the adjacent regions (these are indicated by the resultant tension 
forces F and F/2 in Fig. 1.16), and this gives rise to a compression/tension state 
of stress. Such a stress state reduces the strength of concrete in the longitudinal 
direction, and collapse occurs as a result of horizontal splitting of the compres-
sive zone in regions between primary flexural cracks, as illustrated schematically 
in Fig. 1.17. Concrete crushing, which is widely considered to be the cause of flex-
ural failure, thus appears to be a post-failure phenomenon that occurs in the com-
pression zone of cross-sections containing a primary flexural crack due to loss of 
restraint previously provided by the adjacent concrete.
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Fig. 1.17   Typical failure mode of RC beams in flexure: a a schematic representation of crack 
pattern at collapse; b observed failure of test beams following collapse [32]
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It may be concluded from the above, therefore, that the large compressive and 
tensile strains measured on the top surface of the central portion of the beams should 
be attributed to a multiaxial rather than a uniaxial state of stress. A further indication 
that these large strains cannot be due to post-ultimate σ − ε characteristics is the lack 
of any visible longitudinal cracking on the top surface for load levels even near the 
load-carrying capacity of the beams. As shown in Fig. 1.15, such cracks characterise 
the post-ultimate strength behaviour of concrete under compressive states of stress.

1.4 � Critical Regions

In regions—referred to in Codes [3, 4] as critical regions—of linear RC elements 
(such as, for example, beams and columns) where a large bending moment and a large 
shear force develop concurrently, current code provisions for earthquake-resistant 
design specify an amount of stirrup reinforcement significantly larger than that safe-
guarding against shear types of failure. This additional stirrup reinforcement is placed 
in order to provide confinement to concrete within the compressive zone, which 
restrains its lateral expansion and increases its strength and ductility in the longitudinal 
direction, thus leading to a significant improvement of the ductility of the RC member.

However, there has been published experimental evidence [6, 9], in recent years, 
obtained from tests on beam/column elements exhibiting points of contraflexure, 
which shows that there are cases for which the additional amount of transverse rein-
forcement may cause a brittle type of failure, rather than safeguard ductile structural 
behaviour. Such types of failure, which are characterised by the presence of inclined 
cracks penetrating deeply into the compressive zone of the critical regions, are indi-
cated in Fig. 1.18 (top) and (bottom). The former of these figures shows the mode 
of failure of a simply-supported beam with an overhang, reinforced in compliance 
with EC2/EC8, which was subjected to sequential point loading; a point load was 
first applied at mid span and increased to a value close, but, not beyond, the beam 
flexural capacity, where it was maintained constant while a second point load was 
applied in the overhang and increased monotonically to failure [9]. The latter figure 
shows the mode of failure of the critical region of the portion of a two-span linear 
element, also designed in compliance with EC2/EC8, modelling to a 1:3 scale a col-
umn between consecutive floor levels [6]. This element was subjected to the action 
of a constant axial load combined with lateral cyclic loading.

The causes of the above brittle types of failure are considered to relate to the 
experimental information used by the code methods for assessing the transverse 
reinforcement required for the critical regions of RC beam-like elements. This 
experimental information was obtained from uniaxial-compression tests on concrete 
cylinders or prisms subject to lateral confinement through the use of spiral or stirrup 
reinforcement. And yet, unlike the cylinders or prisms which are subjected to uni-
axial compression, the critical regions of beam-like elements are subject to the com-
bined action of a bending moment and a shear force which causes the formation of 
inclined cracks. Such cracks penetrate deeply into the compressive zone and have 
the tendency to extend near horizontally (in the direction of the maximum principal 
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compressive stress) due to the presence of large, near vertical tensile stress concentra-
tions which develop in the region of the crack tips [18, 19]. The magnitude of these 
tensile stresses is such that their resultant may eliminate the vertical component of 
the confinement considered to be provided by the stirrups, and, therefore, the expan-
sion of concrete in the vertical direction may remain essentially unaffected by the 
stirrups. Moreover, the presence of significant inclined cracking reduces the strength 
of concrete within the element’s web, and this reduction, combined with the larger 
transverse compression applied to concrete by the excess amount of stirrup reinforce-
ment anchored to it, may lead to premature failure within the critical regions [1].

1.5 � Points of Contraflexure

During the 7/9/1999 Athens earthquake many reinforced concrete (RC) structures 
[particularly those lacking symmetric plan configuration and containing a “soft” 
ground-floor storey (pilotis)] suffered unexpected brittle damage that cannot be 
attributed to either non-compliance with code provisions or defective work [5]. 
Examples of this damage are presented in Fig. 1.19, which shows the unexpected 
failure suffered by vertical structural members at the location of the point of con-
traflexure usually situated within the mid-height region of the member. This type 
of failure, which has been reproduced under controlled laboratory conditions, is not 
taken into consideration by the methods adopted by current codes of practice for the 
design of RC structures (invariably based on the truss analogy (TA) [10, 11]) [2–4].

The relevant feature of the modes of failure shown in Fig. 1.19 is not the occur-
rence of criss-crossing diagonal cracking, but the location of the region where cracking 
occurred. In all cases, the location of failure was found to lie within the region of the 
point of contraflexure. Such an event could not be simply attributed to coincidence, 
since, as discussed above, this location of failure repeatedly characterises a large num-
ber of structural elements that suffered the above type of damage during the 7/9/99 
earthquake in Athens.

It appears realistic to seek the causes of the above mode of failure in the form 
that the truss model takes in the region of the point of contraflexure. Figure 1.20 

Fig. 1.18   Failure of the critical region of a simply-supported RC beam with overhang exhibiting 
point of contraflexure (top) [9], and a two-span linear RC element under the action of a constant 
axial force combined with cyclic lateral loading (bottom) [6]

1.4  Critical Regions
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depicts a truss modelling a vertical linear structural element subjected at its end-
faces to the combined action of an axial force (N), a bending moment (M) and a 
shear force (V). The figure shows that the vertical element is modelled by means 
of two antisymmetric trusses, connected in the region of the location of the point 
of inflection with a transverse tie. The shaded portions of the trusses represent 
the flow of the compressive stresses from the cross-sections with zero bending 
moment to the cross-sections with a near-constant depth of compressive zone.

The above model implies that in the region of the point of inflection concrete is 
locally subjected to a direct transverse tensile, rather than shear, force causing fail-
ure when the tensile strength of the material is exceeded. This type of failure may be 
prevented by specifying stirrups, forming the transverse tie indicated in Fig. 1.20, in a 
quantity sufficient to sustain the tensile force in excess of that which can be sustained 
by concrete alone, and this being a simple strength requirement. Here, it is essential 
to appreciate that contraflexure (i.e. points of inflection) is associated with the kind of 
response exhibited by a beam-column in a building subjected to lateral sway (but appli-
cable to any beam or frame with a point of inflection) as shown in Fig. 1.21: it is evident 
that the tie is needed to prevent separation of the two ends of the constituent members.

Now, designing the reinforcement in the region of the point of inflection for shear, 
rather than direct tension, leads to a considerable underestimate of the quantity of stir-
rups required to prevent failure. This is because the provisions of the code adopted for 
shear design allow, not only for the contribution to shear resistance of the auxiliary 
mechanisms discussed in Sect. 1.2.2, but, also, for the beneficial effect of the axial 
force. And yet, within an essentially tensile stress field the above auxiliary mecha-
nisms cannot develop, whereas it is well established that the presence of an axial 
force is likely to reduce the tensile strength of concrete in the orthogonal direction.

Fig. 1.19   Examples of damage suffered by columns of RC structures during the 1999 Athens 
earthquake [5]
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1.6 � Effects on Structural Behaviour

From the discussion in the preceding sections, it becomes clear that the conflict 
between the concepts underlying current code design methods and the causes of 
structural behaviour mainly relates with the ultimate limit state of a structure or 
structural member. It should be expected, therefore, that were there any effects of 
this conflict on the observed behaviour of a structural element designed by using 
code methods, these should be sought in situations where the structural element 
reaches its ultimate limit state. In real structures, such situations may arise in cases 

Fig. 1.20   Truss modelling 
a column subjected to the 
combined action of axial 
force (N), bending moment 
(M) and shear force (V) at its 
end faces
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Fig. 1.21   Beam-column 
exhibiting a point of 
inflection in a structure (left) 
and illustration of an internal 
tie needed at contraflexure in 
order to prevent separation 
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of overload; alternatively, they may be reproduced through the testing of model 
elements under controlled laboratory conditions.

Although shortcomings of current-code methods such as those described in the 
preceding section may, to some extent, be counteracted by implementing the code 
requirements for nominal reinforcement and detailing, there have been some notable 
structural failures that may have been prevented, had the design methods been based 
on sound concepts providing a realistic description of concrete behaviour as a mate-
rial. One such failure is the collapse of the “Sleipner 4” platform in the North Sea 
at a depth of 40 m, during the sinking operation for positioning it on the seabed at 
a depth of some 140 m; this has been blamed on the inadequacy of the ACI shear-
design provisions [33]. Another has been the collapse of a multilevel car park, in 
Wolverhampton, U.K., which occurred due to punching of the top level flat slab under 
dead load only [34]. It has been reported that such premature punching was preceded 
by loss of bond of the longitudinal reinforcement [35]; loss of bond may lead to a 
brittle type of failure in the manner discussed in Chap. 2.

Unexpected types of brittle failure often occur in earthquake-stricken regions; 
typical is the case (discussed in Sect. 1.5) of the significant damage suffered by the 
vertical elements of RC buildings in the region of points of inflection during the 1999 
Athens earthquake [5]. Such damage occurred not only in structures designed to old 
code provisions, but, also, in structures satisfying the performance requirements of 
current codes which are widely deemed to safeguard ductile behaviour. In fact, it is 
interesting to note in Fig. 1.19 that the damage suffered by the “slender” column in 
Fig. 1.19 (left) was similar not only to that of the “short” column in Fig. 1.19 (mid-
dle) (both these columns had been designed to current code provisions), but, also, to 
that of the “slender” column in Fig. 1.19 (right) which had been designed to older, 
less stringent code provisions based on the permissible-stress philosophy [5]. This 
type of damage is a typical example of damage reflecting the lack of a sound theory 
underlying the methods adopted by current codes for the design of RC structures. 
Serious doubts regarding the validity of the concepts underlying earthquake-resistant 
design have already been expressed elsewhere [36–38], whereas a thorough account 
of failures suffered by RC structures has been the subject of other publications [39].

1.7 � Alternative Design Methods

It appears from the above that the time is ripe for considering radical changes in 
RC design involving the replacement of the concepts underlying the methods cur-
rently adopted by codes with new ones compatible with structural concrete behav-
iour. Such radical changes have already been attempted [1, 40, 41]; as early as the 
mid-sixties, the shortcomings of the methods adopted by the codes were attributed 
to the criteria used for the prediction of brittle types of failure [40], which code 
provisions have always linked with the shear capacity of RC structural elements. In 
fact, it has been proposed that a more realistic criterion should treat brittle failure as 
a premature loss of flexural capacity due to the combined action of bending moment 

http://dx.doi.org/10.1007/978-3-319-00488-4_2
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and shear force [40]. Not only has such a failure criterion [41] (in a form suitable 
for practical applications) been developed and incorporated in a design guidance 
report [42], but, also, it has been employed in practice for the design of original 
structures such as, for example, the Calgary coliseum [43], the grandstand roof 
of the rugby stadium at Twickenham, etc. More recently, combined with concepts 
that allow for a realistic description of concrete behaviour (as established from 
comprehensive investigations of the fundamental characteristics of the deforma-
tional response and failure mechanism of concrete at both the material and struc-
ture levels), the above failure criterion led to the development of a unified design 
method—the method of the compressive-force path—found to consistently satisfy 
the performance requirements of current codes [1, 20].

Design methods such as those described in Refs. [1, 41, 42] are consid-
ered to point towards the orientation that should be given to research efforts, if 
such efforts are to lead to a significant improvement of the codes of practice for  
RC design.

1.8 � Concluding Remarks

The concepts which form the basis of current codes of practice for the design of 
RC structures are in conflict with fundamental properties of concrete at both the 
material and the structure levels.

This conflict is reflected on the premature brittle types of failure unexpectedly 
suffered by RC structures in situations of overload.

Such types of failure, which have been reproduced under controlled laboratory 
conditions, may be prevented through the use of alternative design methods that 
allow for “true” structural-concrete behaviour.

Already published work aiming to developing alternative design methods 
points towards the type of research required for achieving a significant improve-
ment of the provisions of current codes of practice for the design of RC structures.
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2.1 � Introduction

This chapter presents a qualitative description of the behaviour and function of a 
structural concrete member at its ultimate limit state, together with a description of the 
mechanism which underlies the transfer of external load from its point of application 
to the supports of the structural member. This qualitative description, which is com-
patible with all available experimental information, is made by reference to the case 
of a simply-supported beam, without stirrups, at its ultimate limit state under trans-
verse loading (the effect of axial loading is also considered). Such a structural mem-
ber is chosen because, not only is there ample experimental information describing 
its behaviour but, also, the description of how the beam actually functions forms the 
theory underlying the design methodology proposed in the following chapters. This 
theory has been termed the ‘compressive-force path (CFP) concept’ since, as deduced 
from the description of how the beam functions, the main characteristic of the beam 
is that both its loading capacity and failure mechanism are related to the region of 
the member containing the path of the compressive stress resultant which develops 
within the beam due to bending, just before failure occurs. Experimental information 
on the validity of the concept is also presented, and it is shown that this provides a 
realistic description of the causes which dictate the various types of beam behaviour 
as established by the experimental information available to date. The generalisation of 
the concept, so as to extend its applicability to any structural configuration and, in par-
ticular, to the case of frame-type structures, forms the subject of the Chap. 6.

2.2 � Proposed Function of Simply-Supported Beams

2.2.1 � Physical State of Beam

Figure  2.1 provides a schematic representation of the crack pattern and the 
deflected shape (in a magnified form) of a simply-supported beam under trans-
verse loading, just before failure. The figure shows that cracking encompasses a 
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large portion of the beam and comprises both vertical and inclined cracks. The 
cracks, in most cases, initiate at the bottom face of the beam and, having propa-
gated through the beam web, penetrate deeply into the compressive zone, the 
crack tip moving closer to the upper face. As will be seen in Sect. 2.2.3, when the 
causes of failure are associated with the presence of the deep inclined crack clos-
est to the support, this crack not only penetrates into the compressive zone deeper 
than any other crack, but also extends towards the support along the longitudinal 
tension bars, destroying the bond between the bars and the surrounding concrete.

It would appear from Fig.  2.1, therefore, that concrete eventually remains 
uncracked only within a relatively small portion of the beam. This portion includes, 
on the one hand, the two end regions of the beam which extend to the deep inclined 
crack forming closest to the supports and, on the other hand, the relatively narrow 
strip, with varying depth, which forms between the crack tips and the upper face, and 
connects the above two regions. As will become apparent in what follows, a charac-
teristic feature of the above narrow strip is its very small depth which, as indicated in 
the figure, is, in localized regions (and, in particular, in the region including the tip of 
the deepest inclined crack), a very small percentage of the total beam depth.

It should be noted that the presence of external load acting on the end faces of 
the beam, in the axial direction, may have the following two effects on the physi-
cal state of the beam depicted in Fig. 2.1.

(a)	 The depth of the horizontal uncracked zone of the beam may increase or decrease 
(leading to a corresponding reduction or increase in the length of the flexural 
cracks), depending on whether the axial force is compressive or tensile respectively.

(b)	 The presence of an axial force may prevent the formation of any deep inclined 
crack.

Fig. 2.1   Schematic representation of crack pattern and deformed shape of a simply-supported 
beam under transverse load
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2.2.2 � Load Transfer to Supports

In spite of the extensive cracking, the beam at its ultimate limit state is capable of 
fulfilling its purpose, i.e. transferring the applied load to the supports. The mech-
anism through which this transfer is effected can only be in the form of ‘beam 
action’ adjusted so as to allow for the particular characteristics of RC members.

In any cross-section (in which the presence of an external axial load is ignored 
for purposes of simplicity), internal actions may be resolved into axial and trans-
verse components. In particular, for the case of a cross-section including a deep 
flexural crack (such as, for example, cross-section  2-2 in Fig.  2.1), the axial 
internal actions are such that their combined action is equivalent to the bending 
moment which develops in this cross-section as a result of the external load, while 
the shear force is equivalent to the resultant of the external transverse forces acting 
on the beam portion to the left of the cross-section in question (see Fig. 2.2).

The relationship between the internal axial and shear forces may be derived by 
considering the equilibrium conditions of an element of the beam between two 
cross-sections including consecutive flexural cracks such as, for example, the ele-
ment between sections 1-1 and 2-2 in Fig. 2.1, which is also illustrated in isolation 
as a free body in Fig. 2.3. The action of the couple arising from the shear forces 
that develop at the two end cross-sections of this element equilibrates the change 
in the bending moment between the two cross-sections. This change of bending 
moment is predominantly due to change in the magnitude of the axial internal 
actions, i.e. the compressive force sustained by concrete and the—numerically 
equal to it (for purposes of equilibrium)—tensile force sustained by the longitudi-
nal steel bars (see Fig. 2.3b).

A necessary prerequisite for the change in magnitude of the above longitudi-
nal internal actions is the existence of bond between concrete and steel, through 
which a portion (ΔT) of the tensile force acting on the steel bars is transferred to 
the concrete (see Fig. 2.3c). It should be noted that the force ΔT is the only action 

Fig.  2.2   Internal actions equivalent to the bending moment and shear force acting at a cross-
section including a crack

2.2  Proposed Function of Simply-Supported Beams
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developing on any of the concrete strips between consecutive flexural or inclined 
cracks, since the evidence presented in Sect. 1.2.2 precludes the development of 
any significant forces at the crack surfaces due to ‘aggregate interlock’, while 
‘dowel action’, even if it were to develop, is insignificant.

A concrete strip such as the above may be considered to function as a ‘can-
tilever’ fixed on the compressive zone of the beam and subjected o the action 
ΔT transmitted from the steel to concrete through bond (see Fig.  2.3c) [1]. The 
bending moment that develops at the cantilever base, owing to the above force, 
balances the action arising from the couple of the shear forces which act in the 
compressive zone of the beam. In fact, the above equilibrium condition essentially 
describes the mechanism through which the external load, in the form of shear 
forces, is transferred throughout the length of the span within which bond devel-
ops between concrete and steel (see Fig. 2.4a).

However, as discussed in Sect. 2.2.1, the existence of the deep inclined crack 
near the beam support causes bond failure, the latter extending between the inter-
section of the inclined crack with the longitudinal steel bars and the support, 
and thus the external load cannot be transferred by ‘cantilever bending’ beyond 
the section which includes the tip of the inclined crack. The mechanism through 
which the external load is transferred from the above section to the support 
becomes apparent by considering the equilibrium conditions of the end portion of 
the beam which encompasses the region enclosed by the end, upper, and lower 
faces of the beam, the inclined crack closest to the support, and the cross-section 
through the tip of this crack. This portion is isolated from the beam and repre-
sented schematically by the free body illustrated in Fig. 2.4b.

Owing to the destruction of the bond between concrete and the longitudinal 
bars, the tensile force sustained by the reinforcement is transmitted unchanged 
from the right-hand side of the free body to the region of the support where 
it combines with the reaction to yield the compressive force C′i (see Fig.  2.4b). 
Similarly, the shear and axial compressive forces acting on the upper part of the 
right-hand side end of the free body combine to form the inclined compressive 
force Ci (see also Fig. 2.4b) which, for equilibrium purposes, must fulfil the con-
dition Ci = C′i. This condition indicates that it is through the development of the 

Fig. 2.3   Portion of beam (in Fig. 2.1) between two cross-sections including consecutive cracks 
with internal actions in (a) being equivalent to those in (b) and (c)

http://dx.doi.org/10.1007/978-3-319-00488-4_1
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inclined compressive force Ci that the external load is transferred from the right-
hand side of the free body to the support. In fact, the development of the above 
inclined force essentially represents a change in the direction of the path of the 
near-horizontal (within the middle portion of the beam’s) compressive stress 
resultant which develops on account of the bending of the beam, with the change 
in the path direction occurring in the region of the tip of the inclined crack closest 
to the support.

2.2.3 � Effect of Cracking on Internal Actions

An indication of the internal state of stress and the magnitude of the stresses which 
develop in cracked concrete may also be obtained by considering the forces act-
ing on the beam element illustrated in Fig.  2.3. This element lies between two 

Fig. 2.4   Mechanisms of external-load transfer to the supports: a cantilever action, and b change 
in direction of compressive force

2.2  Proposed Function of Simply-Supported Beams
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cross-sections (1-1 and 2-2 in Fig. 2.1) which include consecutive cracks and, as 
discussed in the preceding section, the only action exerted on the tensile zone of 
the element is the portion of the tensile force (ΔT in Fig. 2.3c) which is transferred 
from the longitudinal steel bars to concrete through bond. In fact, the crack sur-
faces, which form boundaries to this element remain stress-free since, as discussed 
in the preceding section, the cracking mechanism of the beam precludes the devel-
opment of both ‘aggregate interlock’ and ‘dowel action’ which are the most likely 
mechanisms that could allow for the development of forces at the crack faces.

As discussed in the preceding section, therefore, the portion of this element 
between the cracks acts as a plain-concrete cantilever (fixed to the compressive 
zone of the beam) which undergoes bending as a result of the tensile force ΔT 
transmitted from the steel bars to concrete through bond (see Fig. 2.5a). The state 
of stress which is compatible with ‘cantilever bending’ results from the develop-
ment of, on the one hand, a shear force constant throughout the cantilever length 
and equal to ΔT (see Fig. 2.5c), and, on the other hand, a bending moment, the 
magnitude of which increases with the distance from the free end of the cantilever, 
attaining its maximum value at the cross section (3-3 in Fig. 2.5a) which coincides 
with the fixed end.

Fig. 2.5   Internal forces on portion of beam depicted in Fig. 2.3c (a), with normal and shear stress 
distributions and corresponding stress resultants being indicated in (b) and (c), respectively, whereas 
the stress states of elements E1 and E2 are shown in (d) and (e)
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Figure 2.5b and c show the distributions of the normal (σ′) and shear (τ′) stresses 
and the corresponding stress resultants (T′  =  C′, V′), whose combined action 
(T′z′ = C′z′, V′) is, for purposes of equilibrium, equivalent to that of the bending 
moment [ΔM = ΔTz = Va (see Fig. 2.5a)] and shear force (V′ = ΔT) acting on 
the cross-section (3-3 in Fig. 2.5a) coinciding with the fixed end of the cantilever. 
Since the cantilever consists of plain concrete, the (numerically) maximum value 
of the stresses developing at the above cross-section cannot exceed the strength 
(ft) of concrete in tension (as indicated in Fig. 2.5d and e which depict the stress 
conditions at two typical elements Ε1 and Ε2 (of cross-section 3-3 in Fig. 2.5a in 
pure tension and pure shear respectively). (For such stress values, concrete behav-
iour is essentially linear and, hence, the shape of the stress distributions assumed in 
Fig. 2.5b and c is that predicted by the simplified beam theory.)

As the fixed end of the cantilever essentially coincides with the interface between 
the uncracked (compressive) and cracked (tensile) zones of the beam, the uncracked 
zone is also subjected to the internal stresses and stress resultants acting at this inter-
face, as indicated in Fig. 2.5b and c. However, the main actions that develop within 
uncracked concrete are those indicated in Fig. 2.2 which, together with the tensile 
force sustained by the longitudinal reinforcement, resist the combined action of the 
bending moment and shear force caused by the applied load. Figure  2.2 indicates 
that uncracked concrete (i.e. the compressive zone of the beam cross-section 2-2 in 
Fig.  2.1) is subjected not only to the axial compressive force C (due to the bend-
ing moment) but also to the total shear force acting at the beam cross-section (since, 
as discussed earlier, cracked concrete cannot contribute to the shear resistance of 
the beam). Here, it should be recalled that, although the magnitude of the nominal 
shear stress (i.e. the ratio of the shear force to the area of the compressive zone of 
the cross-section) exceeds (in regions where the depth of the uncracked concrete is 
small) the concrete shear capacity (as defined in current codes) by a large margin, the 
mechanism of shear resistance described in Sect. 1.2.2(d) (see also Fig. 1.8) enables 
uncracked concrete to sustain the applied shear force. In compliance with this mech-
anism, the presence of triaxial stress conditions (in localized regions of the com-
pressive zone where the depth is small) delays the development of tensile stresses 
(caused by the shear force); therefore, the value of the shear force required to cause 
failure of the compressive zone becomes significantly larger than that expected to 
cause failure in compliance with the concepts underlying current design methods.

It should also be noted that, in accordance with the experimental data presented 
in Sect. 1.3, the compressive zone of the element illustrated in Fig. 2.5 is subjected 
to large axial stresses which, owing to the triaxiality of the stress conditions at the 
ultimate limit state of the beam, may be over 50 % larger than the uniaxial com-
pressive strength (fc) of concrete.

It would appear from the above outline of the stress conditions in a typical 
RC beam, therefore, that, while the magnitude of the stresses that develop within 
cracked concrete cannot exceed a value of the order of the tensile strength of con-
crete (i.e. a value of approximately 5–10 % of the strength of concrete in uniaxial 
compression), the magnitude of the stresses that develop within uncracked con-
crete can be of the order of the uniaxial compressive strength of concrete or even 
larger than it by a factor which, in localized regions, may be as large as nearly 2.

2.2  Proposed Function of Simply-Supported Beams
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2.2.4 � Contribution of Uncracked and Cracked Concrete to the 
Beam’s Load-Carrying Capacity

As discussed in the preceding section, uncracked concrete sustains not only the 
total axial compressive force that develops within the beam on account of bending, 
but also the total shear force, the largest portion of which current codes assume to 
be resisted by cracked concrete through ‘aggregate interlock’ and ‘dowel action’. 
As a result, the contribution of uncracked concrete essentially represents the total 
contribution of concrete to the load-carrying capacity of the beam.

In contrast, cracked concrete, through the formation of ‘plain-concrete cantile-
vers’ between consecutive flexural and/or inclined cracks, provides a mechanism 
which allows it to make a significant contribution to the transfer of the external 
load, through the uncracked portion of the beam, from its points of application 
to the supports. As described in Sect. 2.2.2, this mechanism involves the develop-
ment of bending moments at the fixed ends of the cantilevers (interface between 
uncracked and cracked concrete) which balances the actions arising from the shear 
forces acting at beam cross-sections, including flexural or inclined cracks (as indi-
cated in Fig. 2.4a). As described also in Sect. 2.2.2, the development of the bend-
ing moments is attributable to the forces ΔΤ (see Fig. 2.3) which are transferred 
from steel to concrete (in the free-end region of the cantilever) through bond.

2.2.5 � Causes of Failure

Figure 2.6 shows a schematic representation of the uncracked portion of the beam 
as a free body under the action of the external load, applied at its top face, and 
the action of the internal forces developing along the cut which separates the 
uncracked portion from the remainder of the beam. The figure also provides an 
indication of the locations where tensile stresses are likely to develop within the 
uncracked portion.

As discussed in the preceding sections, the uncracked portion of the beam, 
through which the applied load is transferred to the supports, encloses the path of 
the compressive stress resultant which develops within the compressive zone due 
to the bending of the beam. As discussed in Sect. 2.2.2, this transfer requires, on 
the one hand, the contribution of the cracked portion of the beam through ‘canti-
lever bending’ (the latter causes the internal actions which develop at the interface 
between the uncracked and cracked regions (see Fig. 2.5b and c) and, on the other 
hand, the change in the path direction (see Fig. 2.4b which occurs at the locations 
where the middle horizontal narrow strip joins the end blocks of the uncracked 
portion of the beam (see Fig. 2.6).

From the schematic representation of the distribution of the compressive 
stresses (σc) within the end region of the beam shown in Fig.  2.6, it becomes 
apparent that only a diagonal strip of this region, which forms essentially an 



31

extension of the compressive zone, is utilized for the transfer of the applied load 
to the support. With regard to the remaining portion of this end region, its lower 
part provides anchorage space for the longitudinal reinforcement, while the upper 
part remains essentially ‘structurally’ inert, in the sense that it does not make 
any significant contribution to the transfer of the applied load to the supports, 
in spite of the development of parasitic stresses of small magnitude and varying 
orientation.

In addition to its contribution to the transfer of the applied load to the supports 
through bond-induced cantilever action, the presence of the cracked portion of the 
beam effects the interaction between uncracked concrete and the longitudinal rein-
forcement, while, at the same time, it maintains the relative position of the above 
two components of the beam essentially unchanged throughout the loading history 
of the beam.

Having established in the preceding section that the uncracked portion of the 
beam is the sole concrete contributor to the load-carrying capacity of the mem-
ber (the latter being also dependent on the strength of the longitudinal reinforce-
ment), it is essential to identify the causes of beam failure. If it is assumed that the 
beam is designed so that it does not suffer any loss of its load-carrying capacity as 
a result of failure of the longitudinal steel bars, then the causes of failure should 
be sought in the portion of the beam which comprises uncracked concrete, since 
cracked concrete could be viewed as concrete already failed.

On the basis of the experimental data presented in the preceding chapter, con-
crete always fails in tension. As a result, the search for the causes of failure of the 
portion of the beam comprising uncracked concrete only must be focused on the 
identification of regions of this portion where tensile forces are likely to develop. 
Such regions may be the following.

Fig.  2.6   Crack-free portion of simply-supported beam under the action of external load and 
internal actions at the interface between cracked and crack-free portions of the beam

2.2  Proposed Function of Simply-Supported Beams
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(a)	 Regions of change in the direction of the path of the compressive stress result-
ant. Α tensile stress resultant (Τ1 in Fig.  2.6) may develop at the location 
where the path changes direction as a response to the action of the vertical 
component of the inclined compressive stress resultant, developing within 
the end block of the uncracked portion of the beam, which tends to separate 
the upper part of the compressive zone from the remainder of the beam by 
splitting near-horizontally this zone in the region of the change in the path 
direction. (The change in direction of the stress trajectory necessitates, for 
equilibrium purposes, a (nearly-vertical) orthogonal force bisecting the angle 
between the two stress directions.)

(b)	 Interface between uncracked and cracked concrete. As indicated in Fig. 2.6, 
tensile actions (in the sense that they pull the ‘cracked’ regions away from the 
‘uncracked’ ones) develop, as described in Sect. 2.2.3, at the above interface 
due to ‘cantilever bending’ in the cracked region of the beam (see Fig. 2.5b. 
Since, as deduced  from the expression T′z′ =  Va in Fig.  2.5, Τ′ is propor-
tional to V, an indication of the variation of the magnitude of Τ′ within the 
beam span may be obtained from the shear force. From the latter’s diagram, 
it can be seen that the most likely tensile action to cause failure (i.e. σ′ to 
exceed ft) is that (Τ′ in Fig. 2.6) which develops in the region of the tensile 
action Τ1 where the compressive-force path (to which the uncracked por-
tion of the beam forms an envelope) changes direction. Failure in this region 
may occur not only because the tensile action in this region attains the larg-
est value (as indicated by the shear-force diagrams outside the region of the 
uncracked beam end (in the latter, load transfer does not occur through can-
tilever bending) of most types of loading condition considered in practice), 
but also because the inclined crack in this region has the most favourable ori-
entation for crack extension (as opposed to more central portions of the shear 
span, where the existing (mainly flexural) cracks are near-normal to the cracks 
caused by Τ1). (The tangent to the shape of the inclined crack at the crack tip 
coincides essentially with the orientation of the principal compressive stress 
which defines the direction of crack extension.)

(c)	 Regions adjacent to those including cross-sections with deep flexural or 
inclined cracks. Volume dilation of concrete in the compressive zone of 
regions including cross-sections with deep flexural or inclined cracks induces 
transverse tensile actions Τ2 in the adjacent regions. (Α full description of this 
mechanism for the development of such transverse actions is given in Sect. 
1.3.) Four such possible locations are illustrated generally in Fig. 2.6.

(d)	 Regions of applied point loads. These regions usually include cross-sec-
tions within the shear span where the applied bending moment is large (see 
Fig. 2.7). At the ultimate limit state of the beam, it is likely for bond failure 
to occur in the tensile zone of such regions (see Fig.  2.8). From the figure, 
it can be seen that the loss of bond results in an extension of the right-hand 
side flexural crack sufficient to cause an increase Δz of the lever arm such 

http://dx.doi.org/10.1007/978-3-319-00488-4_1
http://dx.doi.org/10.1007/978-3-319-00488-4_1
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that ΤΔz = Vα (thus preserving moment equilibrium which would otherwise 
be lost because of the elimination of ΔΤ as a result of the bond destruction). 
The extension of the flexural crack reduces the depth of the neutral axis and 
this increases locally the intensity of the compressive stress field. In turn, this 
increase in the stress intensity should give rise to tensile actions in the man-
ner previously described in item (c) above. (Therefore, one can conclude that 
bond failure is likely to occur either near the support (due to the propagation 
of the inclined crack towards the support along the interface between concrete 
and the longitudinal reinforcement) or at locations of large bending moment 
(and non-zero shear) because of the tensile yielding of the bars.)

Fig. 2.7   Effect of bond loss 
on tensile force sustained by 
longitudinal reinforcement 
(note that the shape of the 
variation of the tensile force 
before bond loss occurs is 
similar to that of the of the 
bending moment diagram)

Fig. 2.8   Redistribution of internal actions in the compressive zone due to loss of bond between 
concrete and the longitudinal steel bars

2.2  Proposed Function of Simply-Supported Beams



34 2  The Concept of the Compressive-Force Path

2.3 � Validity of Proposed Structural Functioning  
of Simply-Supported Beams

The description of the functioning of the simply-supported beam proposed in the 
preceding sections contrasts with current views with regard to the following points.

(a)	 Uncracked concrete in compression (through which the applied load is trans-
ferred to the supports) and the longitudinal main-steel bars in tension are 
essentially the sole contributors to the load-carrying capacity of the beam, 
with cracked concrete contributing mainly to the transfer of applied load to 
the supports through ‘cantilever bending’.

(b)	 Failure of the beam is caused by the development of tensile stresses within 
the previously uncracked concrete, which act transversely to the longitudinal 
compression that develops as a result of the bending of the beam.

The adoption of point (a) above is fully justified as this premise is compatible 
with the experimental data presented in the preceding chapter. However, point 
(b) remains to be proved as compatible with experimental data available to date 
on beam behaviour at the ultimate limit state. Such data have been summarized 
in Fig.  2.9, which provides a schematic representation of the variation of the 
load-carrying capacity of a simply-supported RC beam, without stirrups, under 

Fig. 2.9   Characteristic 
types of behaviour of a 
simply supported beam at its 
ultimate limit state. Modes 
of failure (top) and relation 
between bending moment 
corresponding to load-
carrying capacity and shear 
span for various percentages 
of longitudinal reinforcement 
(bottom)
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two-point loading with the shear span-to-depth (αv/d) ratio for various percentages 
of the longitudinal reinforcement, with the beam’s load-carrying capacity being 
expressed in the form of the bending moment at the mid cross-section. (This ratio 
MulMf reflects the actual capacity of the beam relative to its full flexural capac-
ity.) From this form of representation of the data (first introduced by Kani [1]), it 
becomes apparent that the behaviour of the above beam, at its ultimate limit state, 
may be divided into four types of regimes associated with the value of αvld.

Type Ι behaviour
Type I behaviour corresponds to relatively large values of αvld (usually larger 

than 5) and is characterised by a flexural mode of failure. The causes of such a 
mode of failure are fully described in Sect. 1.3 of the preceding chapter and they 
have already been incorporated into the proposed qualitative description of beam 
behaviour (see item (c) in Sect. 2.2.5).

Type II behaviour
Type II behaviour corresponds to values of αv/d between approximately 2.5 and 

5, and is characterised by a brittle mode of failure which is usually associated with 
the formation of a deep inclined crack within the shear span of the beam. (Brittle 
failure may also occur owing to near-horizontal splitting of the compressive zone 
which occurs independently from any web cracking in the region of the point load, 
as discussed later in this section.) Immediately after its formation, the inclined crack 
(which, for values of αv/d closer to 2.5 rather than 5, is essentially an extension of 
the flexural crack (marked with f in Fig. 2.9) closest to the support) extends near-
horizontally (branch c-d in Fig. 2.9) within the compressive zone towards the point 
load in an unstable manner, leading to an immediate and total loss of load-carry-
ing capacity of the beam. (This inclined crack may also extend towards the sup-
port along the interface between concrete and the steel bars (branch α-b in Fig. 2.9), 
destroying the bond between the two materials, but such an extension may be pre-
vented from leading to failure of the beam by proper anchoring of the steel bars.)

The causes of such a mode of failure are described by items (a) and (b) in Sect. 
2.2.5. These are associated with the development of tensile actions in the region 
where the path of the compressive force (owing to the bending of the beam) 
changes direction. Such tensile actions, as discussed in Sect. 2.2.5, may cause 
splitting of the compressive zone which leads to total loss of the beam load-carry-
ing capacity. Details of the manner in which the above failure process initiates is 
illustrated in Fig. 2.10 (left) and (right) which show that, between the upper face 
of the beam and the inclined crack closest to the support, in the region of the crack 
tip, an isolated (deepest) crack (marked with c in the two figures) forms as soon as 
the tensile strength of concrete is exhausted. [The extension of this crack was pre-
vented by the instantaneous unloading of the beam as soon as the crack appeared. 
Maintaining the load constant leads to the failure process described above, 
which gives the (misguided) impression that failure is caused by the extension 
of the inclined crack, as usually depicted for type II behaviour (as in Fig. 2.9)]. 
It becomes apparent from the above, therefore, that in order to prevent this type 
of failure the location at which the compressive force changes direction must be 
known α priori.

2.3  Validity of Proposed Structural Functioning of Simply-Supported Beams
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Figures 2.11 and 2.12 illustrate the crack patterns of two groups of beams at fail-
ure tested under two-point and uniformly-distributed loading respectively [2]. As 
discussed in Sect. 2.2.2, the change in the direction of the path of the compressive 
force which develops due to the bending of the beam occurs in the region of the 
tip of the inclined crack forming closest to the support. For the beams under two-
point loading with values of αvld between 2.5 and 5 (beams 4–6 in Fig. 2.11), as 
well as for the beams under uniformly-distributed loading with a normalised (with 
respect to the beam depth) span (L/d) greater than 8 (beams 13–17 in Fig. 2.12), the 

Fig. 2.10   Horizontal cracking which precedes failure of the compressive zone of the beam in 
Fig. 1.6 under two-point loading (left) and a beam similar to beam D1 in Fig. 1.2b (right)

Fig. 2.11   Modes of failure of beams with various shear spans under two-point loading [2]

http://dx.doi.org/10.1007/978-3-319-00488-4_1
http://dx.doi.org/10.1007/978-3-319-00488-4_1
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tip of the above crack lies at a distance approximately equal to two and half times 
the beam depth (2.5d) from the support. It should be expected, therefore, that the 
provision of sufficient reinforcement at a distance of 2.5d from the supports should 
prevent beam failure associated with the causes of failure described by items (α) and 
(b) in Sect. 2.2.5. In fact, placing such reinforcement in beam D1 shown in Fig. 1.2b 
allowed the beam to develop its flexural capacity in contrast to the predictions of 
current methods used for the design of reinforced-concrete structures.

As discussed earlier, beams characterised by type II behaviour may also fail 
as a result of horizontal splitting of the compressive zone which occurs indepen-
dently from any web crack. Such splitting may be due to the development of ten-
sile stresses within the compressive zone associated with the loss of bond between 
concrete and flexural steel as described by item (d) in Sect. 2.2.5. Loss of bond 
may have been the cause of failure of beams 7 and 8 in Fig. 2.11 whose mode of 
failure is also characterised by the presence of an inclined crack which formed 
closer to the load point rather than the support. Although bond failure appears to 
have occurred in the region between the deep inclined crack and the crack adjacent 
to it (as one moves away from the support), it cannot be deduced from the modes 
of failure indicated in the figure that the failure process was that predicted by item 
(d) in Sect. 2.2.5. Additional information regarding this type of failure will be pro-
vided in Chap. 3 as part of the verification study of the new design methodology 
proposed in that chapter.

Fig. 2.12   Modes of failure of beams with various spans under uniformly-distributed loading [2]

2.3  Validity of Proposed Structural Functioning of Simply-Supported Beams
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Type III behaviour
Type III behaviour corresponds to values of avld between approximately 1 and 

2.5 and, as for type II behaviour, is characterised by brittle failure. Such failure is 
associated with the development of an inclined crack within the shear span of the 
beam which, as indicated in Fig. 2.9, and in contrast with the inclined crack char-
acterising the type II behaviour, forms independently from the pre-existing flexural 
or inclined crack. Moreover, unlike the inclined crack which characterises type II 
behaviour, the formation of an inclined crack for type III behaviour does not lead 
to immediate failure; instead the applied load must be increased further in order to 
cause failure of the beam.

The main characteristic of this type of behaviour is that the beam fails outside 
the shear span. As indicated by the mode of failure of beams 2 and 3 in Fig. 2.11, 
the extension of the inclined crack, which forms within the shear span, deviates 
from the region of the applied load, where the strength of concrete is higher owing 
to the triaxial compressive stress conditions which develop in this region [3, 4], 
and penetrates deeply into the compressive zone of the ‘flexure’ span of the beam 
causing failure of the type described by item (c) in Sect. 2.2.5, i.e. the volume dila-
tion of concrete in the compressive zone of the cross-section through the tip of the 
inclined crack causes transverse tensile stresses in the adjacent regions leading to 
splitting of the compressive zone and failure of the member, before yielding of the 
flexural reinforcement.

The above explanation of the causes of failure is compatible with the experi-
mental data obtained from the tests on the beams of type D shown in Fig. 1.2a. 
From this figure, it appears that placing links only within the ‘flexure’ span of 
beams with av/d  =  1.6 delays the formation of horizontal cracks in the region 
of the point load sufficiently for the beam to exhaust its flexural capacity first. It 
is also of practical interest, as will be seen in Chap. 3, to note that for the case 
of point loading the change in the direction of the path of the compressive stress 
resultant occurs in the cross-section through the point load (see beams 2 and 3 in 
Fig.  2.11), whereas for the case of uniformly-distributed loading this change in 
path direction occurs at a distance from the support approximately equal to a quar-
ter of the beam span (see beams 11 and 12 in Fig. 2.12).

Type IV behaviour
Type IV behaviour corresponds to values of aνld smaller than 1 and is char-

acterised by two possible modes of failure [5]: (a) a ductile mode of failure, for 
the case of failure within the middle narrow strip of the uncracked portion of the 
beam; and (b) a brittle mode of failure, for the case of failure of the end blocks of 
the uncracked portion of the beam in the region of the support. As will be seen in 
Chap. 3, the mode of failure is generally dictated by the size of the beam width, 
the larger sizes being more likely to lead to a ductile, rather than a brittle, type of 
failure. It should be noted, however, that in both cases there is no significant, if 
any, difference in load-carrying capacity. The mechanism of failure described by 
item (c) in Sect. 2.2.5 provides a satisfactory description of the causes of failure 
which characterises the present type of behaviour.

http://dx.doi.org/10.1007/978-3-319-00488-4_1
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
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2.4 � Conclusions

The present chapter summarises the experimental data presented in Chap. 1 in a 
manner that reveals the fundamental characteristics which underlie the behaviour 
of a simply-supported RC beam, without stirrups, at its ultimate limit state under 
static monotonic transverse loading. The main conclusions drawn from this sum-
mary are as follows:

1.	 The beam comprises the following:
(a)	 an uncracked portion consisting of the two end-regions of the beam 

which, extending to the (usually) inclined crack forming closest to the 
support and the cross-section through the tip of this crack, are connected 
by a narrow strip of varying depth forming between the upper face and 
the tips of flexural and inclined cracks which initiate at the bottom face 
and extend towards the upper face of the beam,

(b)	 a cracked portion consisting of ‘plain-concrete cantilevers’ which, form-
ing between successive flexural and inclined cracks, are fixed at the nar-
row zone of the uncracked portion,

(c)	 the longitudinal reinforcement, penetrating the beam throughout its span 
at a relatively short distance from the tensile face, fully bonded to con-
crete at least in the region of the support where it is properly anchored.

2.	 The uncracked portion encloses the path of the compressive stress resultant (due to 
the bending of the beam), with a near-horizontal orientation within the middle nar-
row strip of the uncracked portion, changing in the region of the tip of the inclined 
crack closest to the support and becoming diagonal within the end regions. The 
location of the change in the path direction appears to depend on parameters such 
as, for example, the shear span-to-depth-ratio for the case of point loading, and the 
span-to-depth ratio for the case of uniformly-distributed loading.

3.	 The uncracked portion of the beam is not only the sole concrete contributor to 
the load-carrying capacity of the member but also transfers the applied load 
to the supports; the cracked portion of the beam contributes to this transfer 
through cantilever bending.

4.	 Failure appears to be associated with the development of transverse tensile 
stresses within the uncracked portion of the beam. The causes for the develop-
ment of such stresses vary and appear to depend on the value of the parameters 
referred to in conclusion 2 above.
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3.1 � Introduction

In this chapter, the qualitative description of the beam behaviour presented in 
Chap. 2 is transformed into a physical model with behavioural characteristics 
(such as, for example, crack pattern, internal actions, transfer mechanism of exter-
nal load to the supports, failure mechanism, etc.) similar to those of a real sim-
ply-supported beam at its ultimate limit state. The physical model’s behavioural 
characteristics form the basis for the development of failure criteria which are 
shown to be capable of providing realistic predictions of a beam’s load-carrying 
capacity for all types of behaviour discussed in the preceding chapter.

3.2 � Physical Model

Figure 3.1a depicts the physical model of a simply-supported beam, the qualitative 
characteristic features of which were described in detail in the preceding chapter. 
Figure 3.1b provides a schematic representation of the effect that the presence of 
external axial load has on this physical model. As indicated in Fig. 3.1a, the beam, 
in all cases, is modelled as a ‘comb-like’ structure with ‘teeth’ fixed on to the hori-
zontal element of a frame with inclined legs. The ‘frame’ and the ‘teeth’ also inter-
act through a horizontal ‘tie’ which is fully bonded to the ‘teeth’, near their bottom 
face, and anchored at the bottom ends of the ‘frame’ legs. A comparison between 
the proposed model and the beam of Fig. 2.1 indicates the following.

(a)	 The ‘frame’ provides a simplified representation of the uncracked region of 
the beam which encloses the path of the compressive-stress resultant that 
develops due to bending.

(b)	 The ‘tie’ represents the flexural reinforcement.

Chapter 3
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(c)	 The ‘teeth’ of the ‘comb-like’ model represent the plain-concrete cantilevers 
which form between successive flexural or inclined cracks within the tensile 
cracked zone of the beam.

As concluded in the preceding chapter, the load-carrying capacity of the beam 
is provided by the combined action of the uncracked concrete and the flexural 
reinforcement, i.e. the ‘frame’ and the ‘tie’ of the proposed model, with uncracked 
concrete, i.e. the ‘frame’, also transferring the applied load to the supports, while 
cracked concrete in the tensile zone, i.e. the ‘teeth’ of the ‘comb’, provides the 
(bond-based) mechanism through which the transfer loop is completed.
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Fig. 3.1   a Physical model of simply-supported RC beam under transverse loading and b effect 
of axial load on physical model in (a)
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3.3 � Failure Criteria

In order to implement in practical design the physical model presented in the pre-
ceding section, it is essential to complement it with failure criteria capable of pre-
dicting both load-carrying capacity and mode of failure. Such failure criteria must 
be compatible with experimental information such as that summarised, in a picto-
rial form, in Fig. 2.9. The figure includes a graphical description of the beam load-
carrying capacity, together with schematic representations of the modes of failure 
characterising four distinct types of behaviour indicated in the figure.

Although, as discussed in Sect. 2.3, a common feature of all types of behaviour 
is that failure appears to be associated with the development of transverse tensile 
stresses within the uncracked portion of the beam, i.e. the ‘frame’ of the proposed 
model, the causes for the development of these stresses and the locations of failure 
differ for each type of behaviour. In view of this, the failure criteria proposed in 
what follows have been developed so as to reflect the causes of failure relevant to 
each of the four distinct modes of failure indicated in Fig. 2.9.

3.3.1 � Type I Behaviour

As discussed in Sect. 2.3, type I behaviour is characterised by a flexural mode 
of failure which is preceded by longitudinal splitting of concrete in the compres-
sive zone of the beam, i.e. the horizontal member of ‘frame’; splitting occurs 
when concrete strength is exhausted under the action of transverse tensile stresses 
induced by volume dilation of concrete in adjacent regions which include primary 
flexural cracks. (Α full description of this mechanism for the development of such 
transverse actions is given in Sect. 2.3.) The methods currently used for calculat-
ing flexural capacity do not allow for such splitting and this is considered to be 
the reason that they are invariably found to underestimate (often by a significant 
margin) the flexural capacity of linear reinforced concrete (RC) elements, such as 
beams and columns [1]. This problem is widely recognized in RC capacity design 
and current code provisions aiming to safeguard against shear types of failure rec-
ommend the use of an “over-strength” factor which leads to an increase in flexural 
capacity up to 40 % in certain cases [2]. The causes of the underestimate are com-
monly attributed to discrepancies between the true and assumed material proper-
ties, and, in particular, to the strain hardening of the steel reinforcement, which is 
not usually allowed for in the calculation [3].

Allowing for strain hardening results in an increase of the tensile force sustained 
by the flexural reinforcement, which, for purposes of internal force equilibrium, 
must be balanced by an increase of the force sustained by concrete in the compres-
sive zone. Since the calculation of flexural capacity is based on the assumption of a 
uniaxial stress field in the compressive zone, the increase of the force sustained by 
concrete can only occur through an increase of the depth of the compressive zone. 

3.3  Failure Criteria
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The latter increase inevitably leads to a reduction of the internal force lever arm 
and this sets an upper limit to the resulting increase in flexural capacity. As a result, 
even when allowing for strain hardening, current methods of calculation may still 
underestimate flexural capacity.

(a)	 Assessment of stress conditions in compressive zone

However, as the experimental results presented in Sect. 1.3 indicate, adopting uniaxial 
stress-stain characteristics is incompatible with the measured deformational response of 
concrete in the compressive zone of an RC beam (without compression reinforcement 
and stirrups) at its ultimate limit state in flexure. Moreover, the stress conditions within 
this zone are triaxial rather than uniaxial; in fact, these stress conditions are wholly 
compressive in the regions of cross-sections including primary flexural cracks, whereas 
between such regions longitudinal compression is combined with transverse (both in 
the vertical and in the horizontal directions) tension as indicated in Fig. 3.2 [4].

The relationship between axial (σa) and transverse confining (σc) stresses may 
be expressed by [1]

with fc being the uniaxial cylinder compressive strength of concrete.
This expression has been found to provide a close fit to experimental data 

such as those shown in Fig. 1.11 for values of σc equal to up to about 0.5fc [1]. 
Moreover, it has recently been shown that, just before flexural failure occurs, the 
transverse confining stresses (σc) developing in the compressive zone obtain values 
which, numerically, can be as large as the tensile strength of concrete [1]; the latter 
may be obtained from the following expressions [5]:

where 

fck  =  fc  −  8 (with fc being the uniaxial compressive strength of concrete), 
fcko = 10, fto = 1.4 (mean value), 0.95 (minimum value) and 1.85 (maximum)

where fco = 10, fto = 2.12 (mean value), with all values of strength expressed in MPa.

(3.1)σa = fc + 5σc

(3.2a)ft = fto (fck/fcko)
2/3 for normal-strength concrete

(3.2b)ft = ftoln (1 + fc/fco) for high-strength concrete (fck ≥ 60 MPa)

Fig. 3.2   Schematic 
representation of the stress 
conditions in the compressive 
zone of the portion of an RC 
beam in pure bending

primary flexural cracks
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(b)	 Calculation of flexural capacity

The method proposed for the calculation of flexural capacity is a further simplified 
version of the method proposed in Ref. [1]; it is described in Fig. 3.3 which shows 
that it is essentially the method adopted by the current European code (EC2 [3]) 
modified so as to allow for the development of triaxial stress conditions in the com-
pressive zone. This modification involves the replacement of the stress intensity 
0.85fc of the code specified simplified stress block (describing the state of stress of 
concrete in the compressive zone) with σα, as obtained from expression (3.1), with 
the stress block extending throughout the depth x of the compressive zone, rather 
than the code specified depth of 0.8x. Since, as discussed in the preceding section, 
just before flexural failure σc becomes numerically equal to ft, σα can be calculated 
through the use of expression (3.1) by replacing σc with the absolute value of ft, the 
later resulting from expression (3.2a) or expression (3.2b), i.e.

(3.3)σa = fc + 5 |ft |

Fig. 3.3   Proposed method for calculating flexural capacity

3.3  Failure Criteria
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In fact, expressions (3.2a) and (3.2b) may be used as the means to control the margin 
of safety against a non-flexural (brittle) type of failure by selecting a suitable value 
for parameter fto. For example, in situations where safeguarding ductile behaviour is 
of paramount importance (design for earthquake resistant structures), the maximum 
value of fto may be adopted, as opposed to the mean value that may be more appro-
priate in ordinary design.

It should be noted that for flexural failure to be ductile, As should yield before 
the strain of concrete at the extreme compressive fibre reaches its limiting value 
εc = 0.35 % (see Fig. 3.3). It should also be noted that failure of concrete in the com-
pressive zone is preceded by longitudinal cracking and spalling (see Fig. 3.6b) which 
reduces significantly the size of this zone, and, in the absence of compression rein-
forcement, leads to a considerable, if not complete, loss of load-carrying capacity. 
On the other hand, the presence of compression reinforcement may delay this fail-
ure process until yielding and subsequent buckling of the compression steel bars (see 
Fig. 3.6c). In order to allow for this type of failure, the proposed method of calculation 
of the flexural capacity is complemented with the procedure described in Fig. 3.4. The 
specimen’s load-carrying capacity corresponds to the larger of the values resulting 
from the procedures described in Figs. 3.3 and 3.4.

Fig.  3.4   Proposed method for calculating flexural capacity allowing for spalling of cover to 
compression reinforcement
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(c)	 Verification of proposed method

The investigation of the validity of the method proposed for calculating flexural 
capacity is essentially based on a comparative study of predicted values with their 
experimentally established counterparts obtained from tests on simply-supported 
beams under two-point loading. The design details of two typical such beams are 
shown in Fig. 3.5, with the crack pattern at various stages of the load applied on 
the beam in Fig.  3.5b being shown in Fig.  3.6. The results of this comparative 
study are summarised in Table 3.1, whereas full details are provided elsewhere [1].

Table  3.1 shows the experimentally established mean values of load-carrying 
capacity together with their calculated counterparts before (column 6) and after 
(column 8) the implementation of the proposed modifications. From the table, it 
can be seen that the proposed method yields predictions whose deviation from the 
experimentally-established values is on average of the order of 2 %. This is a sig-
nificant improvement over the predictions of the code adopted methods, since the 
difference between the latter predictions and those of the proposed method can be 
as large as 24 % in certain cases (see column 9 of the table).

3.3.2 � Type II Behaviour

The brittle modes of failure associated with type II behaviour (encompassing, 
approximately, the range of av/d between 2.5 and 5) is caused by tensile stresses 
developing either in the region of change of the CFP direction (location 1 within 

3.3  Failure Criteria

Fig. 3.5   Design details of two typical beam-column specimens
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shear span av1, in Fig. 3.7, assuming av1 ≥ 2.5d) or in the region of the cross-section 
at the left-hand side of the point load, where the maximum bending moment com-
bines with the shear force (location 2 within shear span av1, in Fig. 3.7). By invok-
ing St. Venant’s principle, the effect of the transverse stress resultant at location 1 
spreads to a distance equal to the cross-section depth d, on either side of location 1, 
where the CFP changes direction. On the other hand, as discussed in Sect. 2.3, trans-
verse tensile stresses within the compressive zone of the cross-section where the 
maximum bending moment combines with the shear force (location 2 in Fig. 3.7) 
may develop due to the loss of bond between the longitudinal reinforcement and the 
surrounding concrete in the manner indicated in Fig. 3.8.

Figure 3.8 indicates a portion of the structural element between two cross-sections 
defined by consecutive cracks which, on the basis of experimental data such as 
those shown in Figs. 2.11 and 2.12, have a spacing a ≈ x/2 (where x is the depth 
of the compressive zone), together with the internal forces which develop at these 
cross-sections before and after the loss of bond τ necessary to develop due to the 
increase in tensile force ΔFS. Setting the flexural moment M = Fsz and observing 
that the shear force V = dM/dx = (dFs/dx) z + Fs (dz/dx), it can be seen that the 
two products on the right-hand side of the equation correspond to beam (bond) 
and arch (no bond) action, respectively. From the figure, it can be seen that the 
loss of bond may lead to an extension of the right-hand side crack, and hence a 
reduction of the compressive zone depth (x), which is essential for the rotational 
equilibrium of this portion as indicated by the relation

Fig. 3.6   Crack patterns 
of a typical specimen at 
characteristic stages of its 
behaviour: a formation 
of longitudinal cracks in 
compressive zone; b spalling 
of concrete covering the 
compression bars; and c 
buckling of the compression 
bars 

http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_2
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Table 3.1   Experimental values of load-carrying capacity of statically determinate RC members 
together with their counterparts predicted by the code and the proposed herein methods

Spec fc 
(MPa)

fy 
(MPa)

Pexp 
(kN)

Pf,code 
(kN)

Pf,code/ 
Pexp

Pf,proposed
(kN)

Pf,proposed/
Pexp

102.[(8) − (6)]/ 
(6)

(1) (2) (3) (4) (5) (6) (7) (8) (9)
Reference 1
1-0a 35 564 208 199.6 0.960 213.8 1.027 6.98
1-0b 202 0.988 1.058 7.09
1-0c 212 0.941 1.008 7.12
1-150 241.8 221.3 0.915 249.3 1.003 9.62
1-250a 256 228.6 0.893 268.7 1.050 17.56
1-250b 258.8 0.883 1.038 17.55
2-0a 250 211.2 0.845 255* 1.020 24.5
2-0b 242 0.873 1.054 20.7
2-150 258.2 253.5 0.982 259. 7 1.006 2.44
2-250a 283 278.6 0.984 287.1 1.005 2.13
2-250b 286.5 0.972 1.002 3.09
Average 0,931 1,024 10.79
Stdev 0,051 0,022 7,90
Reference 29
CFP-

10-M
35 621 150 124 0.826 134 0.893 8.1

EC-10-M 148 0.838 0.905 8
CFP-

10-C
141 0.879 0.950 8.1

EC-10-C 136 0.946 0.985 4.1
CFP-

12-M
554 182 158 0.868 167* 0.918 5.8

EC-12-M 188 0.840 0.888 5.7
CFP-

12-C
166 0.952 1.001 5.1

EC-12-C 171 0.924 0.977 5.7
Average 0,884 0,940 6,3
Stdev 0,050 0,045 1,54
Reference 30
CFP-0 60 540 102.5 95.7 0.934 105* 1.024 9.6
EC-0 100 0.957 1.050 9.7
CFP-400 203.4 188.3 0.925 194.4 0.956 3.4
EC-400 201.4 0.935 0.965 3.2
CFP-500 224,4 207.1 0.923 216.3 0.964 4.5
CFP-675 264.7 232.5 0.878 250.4 0.946 7.7
Average 0,925 0,984 6,35
Stdev 0,026 0,042 3,02

*Values resulting from procedure in Fig. 3.4; in all other cases, values resulted from procedure in 
Fig. 3.3

3.3  Failure Criteria
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where xl and xr are the values of x, after loss of bond, at the left- and right-hand 
sides, respectively, of the beam element shown in Fig. 3.8.

The reduction of the compressive zone depth increases the intensity of the com-
pressive-stress field as compared to its value at the left-hand side of the portion, 
thus leading to dilation of the volume of concrete which causes the development 
of transverse tensile stresses (σt in Fig. 3.8) in the adjacent regions.

(a)	 Calculation of shear capacity of region of location 1

As proposed in Ref. [6], the transverse tensile stress distribution in the region of 
change in the direction of the compressive-stress resultant developing due to bend-
ing may be schematically represented as indicated in Fig.  3.9. From the figure, 
it can be seen that, just before failure, the stress distribution is characterised, on 
the one hand, by a peak value which is equal to the tensile strength (ft) of con-
crete (at the point where the horizontal and inclined directions of the compressive-
stress resultant intersect) and, on the other hand, by a rapid reduction of the tensile 
stresses with the distance from the peak-stress point. As discussed in the preceding 
section, these tensile stresses (by invoking the principle of St. Venant) may be con-
sidered to become negligible beyond a distance equal to the effective depth d from 
the location of their peak value.

As the exact shape of the above stress distribution is difficult, if not impossible, 
to assess, the resulting stress resultant has been assumed to be equivalent to that 
of a uniform stress distribution with intensity 0.25ft spreading over the same area 

(3.7)Fc (xl − xr) /2 = V(xl/2)

Fig. 3.7   Physical model of a 
simply-supported RC beam at 
its ultimate limit state under 
point loading

Fig. 3.8   Redistribution 
of internal actions in the 
compressive zone due to loss 
of bond between concrete and 
longitudinal reinforcement
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b(2d) (where b is the width of the beam) [6]; then the transverse tensile force that 
may be sustained by concrete in this region is equal to

It should be noted that the value of stress intensity (0.25ft) adopted above is typical 
of the value obtained by integrating a stress distribution such as that in Fig. 3.9 over 
the area 2bd and dividing the result by this area. Since, as indicated in Fig. 2.4b 
and discussed elsewhere [6], TII,1 may be viewed as the vertical component of the 
inclined compressive-force transmitted to the support, it represents the value of the 
shear force VII,1 that can be sustained within the shear span just before horizontal 
splitting of concrete in the region where the compressive-force path changes direc-
tion; in other words Eq. (3.8) may take the form

The tensile strength of concrete ft in expression (3.9) can be calculated from 
expressions (3.2a) or (3.2b).

When the beam is also subjected to axial compression (i.e. N ≠  0), then, the 
slope of the inclined compression at location 1 may be considered to decrease as 
indicated in Fig. 3.10 [7]. Then, it has been subjected [7] that

where ϕo, ϕN are the values of the slope of the axial compression and TII,1,0, TII,1,N 
the values of transverse tension developing at location 1 for the cases N=0 and 
N≠0, respectively.

With TII,1,0 being equivalent to the reaction (shear force next to the sup-
port), expression (3.10) indicates that TII,1,N is smaller than TII,1,0 by a factor of 
tanϕN/tanϕo. In view of this, it has been suggested that the presence of an axial 
force reduces transverse tension at location 1, and, hence, a larger transverse load 
is required to increase it to its limiting value assessed from expression (3.8) [7]. 
Since, for N =  0, the latter value has been found to be equal to the experimen-
tally established shear capacity (VN=o) [6], it has been proposed that, for N ≠ 0, 
the value of shear capacity (VN≠o) corresponding to the value of TII,1 resulting 
from expression (3.8) is that resulting from expression (3.9) magnified by a factor 
k = tanϕo/tanϕN [7] i.e.

(3.8)TII ,1 = 0.5bdft

(3.9)VII ,1 = 0.5bdft

(3.10)TII ,1,0/TII ,1,N = tanϕo/tanϕN

Fig. 3.9   Schematic 
representation of transverse 
tensile stress distribution 
in the region of change in 
direction of the compressive-
stress resultant due to 
bending and equivalent stress 
block

3.3  Failure Criteria
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where tanϕo  =  (2d  −  xo)/5d and tanϕN  =  tanϕo (h  −  xN)/(h  −  xo), thus 
k = (h − xo)/(h − xN), with d, h, xN, xo being defined in Fig. 3.10.

(b)	 Calculation of shear capacity of region of location 2

As discussed earlier, failure may also occur due to the development of transverse 
tensile stresses in the compressive zone of the region of the shear span, indi-
cated in Fig.  3.8, subjected to the largest acting bending moment. The develop-
ment of transverse tensile stresses occurs when the acting bending moment, as 
it approaches the cross-section’s flexural capacity, causes yielding of the tension 
reinforcement which renders loss of bond inevitable.

The loss of bond disrupts the rotational equilibrium of the element in Fig. 3.8. 
However, equilibrium can be restored through an increase of the bending moment 
acting at the right-hand side of the element due to an extension of the flexural 
crack deeper into the compressive zone; thus the compressive zone depth (xr) 
decreases, while the lever arm (z) of the internal actions increases by Δz. The 
smaller xr, combined with an increase of the stress intensity (σα,r), maintains the 
compressive-stress resultant (Fc) constant throughout the length of the element, 
and thus the force equilibrium condition in the longitudinal direction is satisfied, 
since Fc = Fs on both sides of the element.

Failure occurs when the flexural capacity at the right-hand side of the element is 
exhausted when, as discussed earlier, σt tends to exceed ft at the left-hand side of the 
element (see Fig. 3.8), where σa,l is considered to remain unchanged since yielding of 
the tension reinforcement; for beams designed to exhibit ductile flexural behaviour, 
yielding usually occurs when σa,l ≈ fc. Since the value of Fc is constant throughout 
the length of the element, Fc = fcbxl = σabxr, the latter condition leading to

(3.11)VN �=o = kVN=o = kVII ,1 = k TII ,1 = k0.5b d ft

(3.12)xr = xl (fc/σa)

Fig. 3.10   Part of the 
shear span of an RC beam 
indicating the path of the 
compressive-force due to 
bending for the cases N = 0 
and N ≠ 0
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Then, the shear force (VII,2) that can be sustained by the beam just before hori-
zontal splitting of the compressive zone (when ft is attained) may be obtained by 
solving for V expression (3.7) in which xr/xl is expressed as a function of fc by 
replacing in expression (3.12) σα,r as described in expression (3.3), i.e.

As for expression (3.9), the tensile strength of concrete ft in expression (3.13) 
can be calculated from one of expressions (3.2a) or (3.2b).

In contrast with expression (3.9), expression (3.13) allows for the effect of the axial 
force. This is because the latter expression is derived from expression (3.7) which 
links the shear force (V) at location 2 with the compressive-force (Fc) developing at 
the same location due to flexure which may or may not combine with axial force.

(c)	 Verification of methods of calculation

It is interesting to note that the failure criteria proposed in the preceding section 
are dependent on a single material parameter, the tensile strength of concrete 
ft, which must be divided by the code specified safety factor for concrete when 
the criteria are applied in practical design. The verification of their validity may 
be based on a comparison of the values of load-carrying capacity (expressed as 
shear force and bending moment) calculated from expressions (3.9) or (3.11) and 
(3.13) with published experimental values obtained from tests on beam-like ele-
ments without transverse reinforcement. Typical graphical representations of the 
calculated and experimental values expressing the variation of Mu/Mf with av/d 
for the case of N = 0 (extracted from Ref. [6]) are shown in Fig. 3.11 through to 
3.13, with the figures also including predicted and experimental values for type III 
behaviour which forms the subject of Sect. 3.3.3.

Trends of behaviour. From the figures, it can be seen that the predicted vari-
ations of Mu/Mf with av/d provide a realistic representation of the experimentally 
established trends of beam behaviour, which, as indicated by the experimental 
results shown in Fig.  3.11 [8–10], appear to be affected by both ρ and fc, with 
these effects being more clearly described in in Figs. 3.12 and 3.13, respectively.

Effect of ρ. Figure  3.12 shows the variation of Mu/Mf with av/d for the RC 
beams, with fc ≈ 26 MPa and ρ varying between 0.5 and 2.8 %, tested by Kani [8] 
under two-point loading. The figure indicates that the predictions provide a realis-
tic description of the experimentally-established behaviour which is characterised 
by an increase in Mu/Mf with decreasing ρ. It should be noted that, in contrast with 
type III behaviour (i.e. for 1 ≤ av/d < 2.5) for which Mu/Mf is always dependent on 
ρ (see Sect. 3.3.3), for type II behaviour (i.e. for av/d ≥ 2.5) the dependence of ρ 
on Mu/Mf exists only when failure occurs due to the loss of bond between concrete 
and the flexural reinforcement, as indicated in expression (3.13), where VII,2, as a 
function of Fc, is dependent on ρ.

Effect of fc. Figure 3.13 shows typical variations of Mu/Mf with av/d for the RC 
beams, with ρ =  1.88 % and fc varying between approximately 17 and 35 MPa 
tested by Kani under two-point loading [8]. The figure shows that the experimen-
tally-established values of Mu/Mf increase with decreasing fc and that, as for the 

(3.13)VII ,2 = Fc

[

1 − 1/ (1 + 5 |ft | /fc)
]

3.3  Failure Criteria
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case of the effect of ρ, their predicted counterparts provide a realistic description 
of this trend of behaviour. The dependence of load-carrying capacity (expressed in 
the form of Mu/Mf) on fc, is described by the failure criteria proposed as these link 

Fig. 3.13   Variation of Mu/
Mf with av/d for the RC 
beams, with ρ = 1.88 % 
and fc varying between 
approximately 17 and 
35 MPa, tested by Kani [8] 
under two-point loading 
(prefixes C and E calculated 
and experimental values 
respectively) 

Fig. 3.11   Variation of Mu/
Mf with av/d for the RC 
beams, with fc varying 
between approximately 26 
and 39 MPa and ρ varying 
between 0.5 and 2.8 %, tested 
by various investigators, 
under two-point loading 
(suffixes C and E denote 
calculated and experimental 
values respectively) 

Fig. 3.12   Variation of Mu/
Mf with av/d for RC beams 
with fc ≈ 26 MPa and ρ 
varying between 0.5 and 
2.8 %, tested by Kani [8] 
under two-point loading 
(prefixes C and E denote 
calculated and experimental 
values respectively) 



55

non-flexural types of failure with the development of transverse tensile stresses 
within the compressive zone of beam-like elements.

Typical results of a parametric study of the effect of axial compression on the fail-
ure load of beam-like elements exhibiting type II behaviour are presented in Table 3.2 
extracted from Ref. [7]. The results were obtained from tests on knee frames, a sche-
matic representation of which is provided in Fig. 3.14. The vertical load applied at the 
specimen ends combined with the 45° leg inclination resulted in the development of an 
axial compression (N) numerically equal to the shear force (V) within the frame legs.

The table includes experimentally established values of load-carrying capac-
ity expressed in the form of “shear” capacity (VEXP) and corresponding axial 
compression (NEXP), together with the values predicted through the use of the 
proposed expressions (VPRE) corresponding to NEXP. The values (VACI, VEC2) cal-
culated through the use of the formulae incorporated in ACI310 [11] and EC2 [3] 
are also included in the tables for purposes of comparison. The table also contains 
the geometric characteristics and material properties required for assessing the 
specimens’ load-carrying capacity, with full details of the specimens tested being 
provided in the relevant publication cited in the table caption.

From the table, it can be seen that the proposed expressions provide a close fit to 
the experimental values for all values of N. In fact, the fit provided by the proposed 
expressions—developed, as already discussed in the preceding section, from first 
principles without the need of calibration through the use of experimental data—is 
at least as close as that of the code formulae, which are empirical in nature and have 
been derived by regression analysis of experimental data, those of the table included.

3.3.3 � Type III Behaviour

In contrast with type II behaviour, the brittle failure characterising type III behav-
iour (encompassing, approximately, the range of av/d between 1 and 2.5) is a 
flexural failure mode which, as discussed in Sect. 2.3, occurs due to failure of con-
crete in the compressive zone (the depth of which decreases considerably due to 
the deep penetration of the inclined crack that forms within the shear span) before 
yielding of the tension reinforcement. Since, as indicated in Fig. 2.9, the bend-
ing moment corresponding to load-carrying capacity, MIII, varies linearly with 
av/d for values of the latter between 1 and 2.5, the value MIII corresponding to 
any value of av/d between 1 and 2.5 may be easily accessed by linear interpolation 
between the values of MIII corresponding to av/d = 1 (MIII = Mf) and av/d = 2.5  
(MIII = MII     (2.5d)), i.e.

Where MII   (2.5d) = (2.5d)min(VII,1,VII,2), with VII,1 and VII,2 resulting from expres-
sions (3.9), or (3.11), and (3.13), respectively, is the value of MIII corresponding to 
av/d = 2.5, and Mf is the flexural capacity (for av/d = 1, Mf = MIII = MIV).

(3.14)MIII = M
(2.5d)
II

+

(

Mf − M
(2.5d)
II

)

(2.5d − av) / (1.5d)
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The use of expression (3.14) has been found to produce realistic predictions of 
structural behaviour which, as indicated in Figs. 3.11, 3.12 and 3.13, provide a 
close fit to the experimentally-established values of load-carrying capacity.

3.3.4 � Type IV Behaviour

As described in Sect. 2.3, although the load-carrying capacity of beams with type 
IV behaviour corresponds to flexural capacity, loss of load-carrying capacity may 
be attributable to either failure of uncracked concrete in compression within the 
middle portion of the beam, i.e. failure of the horizontal element of the ‘frame’ of 

Table  3.2   Calculated and experimental values of shear capacity of knee frames with type II 
behaviour (2.5 < av/d) [28]

Spec ρ%
fy 
MPa

fc 
MPa

NEXP 
kN

VEXP 
kN

VACI 
kN

VACI/
VEXP

VEC2 
kN

VEC2/
VEXP

VPRE 
kN

VPRE/
VEXP

Width (b) = 304.8 mm; height (h) = 406.4 mm; effective depth (d) = 368.3 mm; shear span 
(av) = 980.44 mm

Non-flexural failure
F38B2 1.91 374 12.4 113 113 70 0.62 116 1.03 80 0.71
F38E2 0.5 388 14.1 92 92 74 0.8 88 0.96 84 0.91
F38B4 1.84 386 31.4 173 173 115 0.66 162 0.93 149 0.86
F38D4 1.32 368 26.9 169 169 106 0.63 138 0.82 133 0.79
F38E4 0.91 368 32.1 148 148 115 0.78 128 0.87 151 1.02
F38A6 2.91 379 45.6 236 236 143 0.61 211 0.89 193 0.82
F38B6 1.81 379 41.6 198 198 134 0.68 175 0.88 191 0.96
shear span (av) = 1412.24 mm
F55B2 1.88 375 11.9 94 94 68 0.72 112 1.19 77 0.82
F55E2 0.52 446 13.8 79 79 72 0.91 78 0.99 82 1.04
F55A4 1.98 406 26.4 151 151 104 0.69 152 1.01 128 0.85
F55B4 1.81 384 29.5 126 126 109 0.87 149 1.18 141 1.12
F55D4 1.45 432 25.6 126 126 101 0.8 134 1.07 126 1
F55E4 0.94 423 28.3 130 130 107 0.82 122 0.94 140 1.07
F55A6 3.32 379 42.1 189 189 134 0.71 208 1.1 177 0.94
F55B6 1.88 376 43.7 142 142 133 0.94 172 1.21 189 1.33
shear span (av) = 1778 mm
F70B2 1.91 383 14.4 91 91 77 0.85 118 1.31 74 0.81
F70A4 2.16 376 29 142 142 111 0.78 159 1.12 134 0.95
F70A6 3.34 355 38.7 173 173 128 0.74 201 1.16 150 0.87
shear span (av) = 2133.6 mm
F84B4 1.84 381 29.7 131 131 109 0.83 150 1.15 140 1.07
Mean values 0.76 1.04 0.94
Standard deviations 0.1 0.14 0.15
Flexural failure
shear span (av) = 2870.2 mm
F113B41.87 37.6 26 96 96 100 1.04

http://dx.doi.org/10.1007/978-3-319-00488-4_2
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the proposed model, or failure in compression of the uncracked end portion of the 
beam, i.e. failure of the inclined leg of the ‘frame’ of the proposed model. In the 
former case, failure may be said to be ductile (resembling flexural failure), while in 
the latter case, it is brittle (resembling uniaxial compression failure). As brittle fail-
ure is undesirable, the prediction of only the load-carrying capacity is not adequate 
for design purposes; the prediction must also include the mode of failure. A simple 
method that can be used for predicting both load-carrying capacity and mode of fail-
ure for the case of two-point loading may be as follows (see also Fig. 3.15) [12].

Assuming the beam geometric characteristics and longitudinal reinforcement 
are given, the flexural capacity (Mf) is calculated as described in Fig.  3.3 with 
the load-carrying (Pf) capacity corresponding to it being easily obtained from the 
moment equilibrium of the free body in Fig. 3.15, i.e.

On the other hand, the load-carrying capacity (PD) corresponding to the strength of 
the inclined leg of the ‘frame’ will be equal to the vertical component of the load 
(FD) that can be carried by this leg. As indicated in Fig. 3.15, FD is easily calculated 
by taking the depth of the leg equal to av/3 as recommended in Ref. [13], i.e.

(3.15)Pf = Mf /av

Fig. 3.14   Schematic 
representation of knee 
specimens
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Fig. 3.15   Geometric 
characteristics and internal 
actions of ‘frame’ model of 
beam with type IV behaviour
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where FD = (av/3) b fc

Therefore, the load-carrying capacity of a beam of type IV behaviour will be

An indication of the validity of the proposed method is provided in Figs. 3.16, 
3.17, 3.18, 3.19 and 3.20 which show the relationship between predicted and experi-
mental values of the load-carrying capacity, together with predictions of the mode 

(3.16)PD = FDz/

(

z
2
+ a

2
v

)1/2

(3.17)Pu = min
(

Pf ,PD

)

Fig. 3.16   Correlation 
between predictions and 
experimental values reported 
in [18] and [19] for the load-
carrying capacity of beams 
with type IV behaviour 
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Fig. 3.17   Correlation 
between predictions and 
experimental values reported 
in [20] for the load-carrying 
capacity of beams with type 
IV behaviour 
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Fig. 3.18   Correlation 
between predictions and 
experimental values reported 
in [21] for the load-carrying 
capacity of beams with type 
IV behaviour 

0

100

200

300

0 200 400 600

p
re

d
ic

te
d

 lo
ad

 -
 k

N
 

experimental load - kN

flexural failure

inclinedmcompression 
failure



59

of failure. From the figures, it becomes apparent that the predictions of the proposed 
method are satisfactory for all cases investigated, in spite of the simplifications 
incorporated in the proposed criterion expressed by expressions (3.15) to (3.17).

3.4 � Comparison of Predictions of Proposed and Code 
Adopted Criteria

All predicted values are expressed in a normalised form as the ratio of the experi-
mental (VE) to the calculated values of shear force at failure and presented in a bar 
chart form in Figs. 3.21, 3.22, 3.23, 3.24, 3.25, 3.27, 3.28, 3.29, 3.30, and 3.31. 
The calculated values include those predicted by the proposed method (VC), ACI 
(Eq. (11.5) in the code [11]) (VACI) and EC2 (Eq. 6.2 in the code [3]) (VEC2). The 
figures also provide the designation of the specimens through which their design 
details may be obtained from the references cited in the figure captions.

Fig. 3.19   Correlation 
between predictions and 
experimental values reported 
in [20] for the load-carrying 
capacity of beams with type 
IV behaviour 
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Fig. 3.20   Correlation 
between predictions and 
experimental values reported 
in [22] for the load-carrying 
capacity of beams with type 
IV behaviour 
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Figures  3.21, 3.22, 3.23, 3.24, 3.25, 3.27, 3.28, 3.29, 3.30, and 3.31 indicate 
that the proposed failure criteria provide a fit to the experimental values of load-
carrying capacity significantly closer than that of the code formulae. The informa-
tion provided in Figs. 3.21, 3.22, 3.23, 3.24 and 3.25 refers to structural elements 
made of normal-strength concrete, whereas similar information for structural ele-
ments made of high-strength concrete is included in Figs.  3.27, 3.28, 3.29 and 
3.30; finally, Fig. 3.31 provides an indication of the effect on load-carrying capac-
ity of the size of the element and the provision of nominal reinforcement.

For the case of normal-strength concrete (see Figs. 3.21, 3.22, 3.23 and 3.24), it 
may be noted that the values of load-carrying capacity (VC) calculated through the 
proposed method correlate closely with their experimental counterparts (VE), with 
the mean values of the ratio VE/VC varying between 0.98 and 1.15, and exhibiting 
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Fig. 3.22   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under uniform 
loading by Leonhardt and Walther [9] (Average and standard deviation values of ratios for pro-
posed, EC2 and ACI methods: 1.09 and 0.08, 1.88 and 1.07, 2.32 and 2.48, respectively)
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Fig. 3.21   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), and 
ACI (VACI) methods) values of load-carrying capacity of RC beams tested under two-point load-
ing by Leonhardt and Walther [9]. (Average and standard deviation values of ratios for proposed, 
EC2 and ACI methods: 1.15 and 0.14, 1.5 and 0.74, 1.92 and 1.19, respectively)
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a standard deviation ranging between 0.08 and 0.16. This range of values of the 
standard deviation lies well within the scatter of the experimentally established 
values of the direct tensile strength (ft) of concrete. In fact, from Eq. (3.2a) 
it appears that the values of ft exhibit a standard deviation of around 0.32 MPa, 
which is twice as large as that of the VE/VC ratio. On the other hand, the code 
predictions (VACI: ACI predicted values; VEC2: EC2 predicted values) exhibit a 
considerable deviation from the experimental values which is reflected in both the 
mean value and the standard deviation of the VE/VEC2 and VE/VACI ratios.

In contrast with Figs.  3.21, 3.22, 3.23, 3.24, and 3.25 indicates that the pro-
posed failure criteria overestimate the load-carrying capacity of the beams with 
av/d =  1.5 (beams 2, 4, and U) tested by Brown et al. [14] by a margin of just 
over 30 %. However, this deviation is compatible with the scatter exhibited by the 

3.4  Comparison of Predictions of Proposed and Code Adopted Criteria
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Fig. 3.23   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under two-point 
loading by Kani [8] (Average and standard deviation values of ratios for proposed, EC2 and ACI 
methods: 1.12 and 0.16, 1.15 and 0.5, 1.46 and 0.59, respectively)
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Fig. 3.24   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under two-point 
loading by Taylor [10] (Average and standard deviation values of ratios for proposed, EC2 and 
ACI methods: 0.98 and 0.12, 1.04 and 0.03, 1.06 and 0.04, respectively)
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experimentally established values of ft which may also be the cause underlying 
the deviation of the Mu/Mf − av/d curve constructed from the experimental results 
obtained by Brown et al. [14] from that constructed from the experimental results 
obtained by Kani [8] for RC beams with similar fc and ρ (see Fig. 3.26). In con-
trast with the proposed criteria, the code predictions underestimate load-carrying 
capacity by an amount ranging from about 80 to 170 %.

For the case of high-strength concrete, Figs. 3.27, 3.28, 3.29 and 3.30 indicate 
that the mean values of the VE/VC ratio are similar to those for normal-strength 
concrete, ranging between approximately 1.0 and 1.13. However, these values are 
characterised by a significantly larger standard deviation ranging between approxi-
mately 0.19 and 0.35, reflecting the large scatter of the experimental results, par-
ticularly for av/d < 3. This large scatter cannot be entirely attributed to the nature 
of high-strength concrete, since in programmes where similar tests were carried 
out on specimens made of normal-strength concrete, the results obtained appear 
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Fig.  3.25   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under various load-
ing regimes by Brown et al. [14] (Average and standard deviation values of ratios for proposed, 
EC2 and ACI methods: 0.76 and 0.19, 1.79 and 0.66, 2.69 and 1.07, respectively)

Fig. 3.26   Comparison of variations of Mu/Mf with av/d established for the RC beams, by Brown 
et al. [14] (ρ = 3.07 % and fc = 26.8 MPa) and Kani [6] (ρ = 2.88 % and fc = 26.2 MPa) (suffix 
E denotes experimental values) (see color figure online)
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to exhibit a similar scatter (see, for example, Fig. 3.30). As for the case of normal-
strength concrete, the code predictions are found to considerably underestimate 
load-carrying capacity.

Size effects. Figure 3.31 provides the ratios of the experimental to the calcu-
lated values of load-carrying capacity of specimens of various sizes, tested in an 
attempt to establish the effect of the element size on the calculated value of load-
carrying capacity. The proposed failure criteria have been found to provide real-
istic predictions of load-carrying capacity for beams with a cross-section depth d 
up to about 750 mm; for larger values of d, the deviation of the calculated value 

3.4  Comparison of Predictions of Proposed and Code Adopted Criteria
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Fig. 3.27   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under two-point 
loading by Ahmad and Lu [23] (Average and standard deviation values of ratios for proposed, 
EC2 and ACI methods: 1.1 and 0.5, 1.46 and 0.67, 1.97 and 0.97, respectively)

0

0.5

1

1.5

2

2.5

3

3.5

MHB2,5-0 MHB2,0-0 MHB1,5-0 HB2,5-0 HB2,0-0 HB1,5-0

ex
p

er
im

en
t/

ca
lc

u
la

ti
o

n

specimen designation

VE/ VC

VE/ VEC2

VE/ VACI

Fig. 3.28   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under a single-
point loading by Shin et al. [24] (Average and standard deviation values of ratios for proposed, 
EC2 and ACI methods: 1.13 and 0.24, 1.44 and 0.25, 2.21 and 0.52, respectively)
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from its experimental counterpart appears to increase sharply (see calculated val-
ues for beams tested by Angelakos et al. [15] and beam BN100 tested by Collins 
and Kuchma [16]). However, such deviations disappear in the presence of nomi-
nal transverse reinforcement sufficient to sustain a tensile stress of the order of 
0.5 MPa (see also calculated values for beams with nominal reinforcement tested 
by Angelakos et al. [15] (beams with suffix M)) as suggested elsewhere [17].

As regards the code formulae, one would expect them to yield closer predic-
tions of load-carrying capacity as these, in contrast with the proposed criteria, 
allow for size effects. Nevertheless, the predicted values are not as close to their 
experimental counterparts as those obtained from the proposed criteria.
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Fig. 3.30   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under a single-
point loading by Mphonde and Frantz [26] (Average and standard deviation values of ratios for 
proposed, EC2 and ACI methods: 1.19 and 0.38, 1.61 and 0.91, 2.6 and 1.5, respectively)
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Fig. 3.29   Ratios of experimental (VE) to calculated (through the proposed (VC), EC2 (VEC2), 
and ACI (VACI) methods) values of load-carrying capacity of RC beams tested under a single-
point loading by Xie et al. [25] (Average and standard deviation values of ratios for proposed, 
EC2 and ACI methods: 1.0 and 0.19, 1.29 and 0.37, 1.5 and 0.51, respectively)
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3.5 � Concluding Remarks

The CFP concept leads to the development of simple criteria for the non-flexural 
types of failure of RC beam-like elements without transverse reinforcement which 
were derived from first principles without the need of calibration through the use 
of experimental data on structural concrete behaviour. These criteria have been 
found not only to provide a realistic description of the causes of failure, but also to 
fit a wide range of published experimental data considerably more closely than the 
formulae adopted by current codes for assessing shear capacity.
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4.1 � Introduction

In this chapter, the physical model and failure criteria presented in Chap. 3 are 
used within the framework of current design philosophy for assessing the longitu-
dinal and transverse reinforcement required for an RC beam to satisfy the require-
ments of current codes for load-carrying capacity and ductility.

4.2 � Assessment of Longitudinal Reinforcement

For a cross section with given geometry (i.e. shape and dimensions) and material 
characteristics, the longitudinal reinforcement (both reinforcement in tension As 
and reinforcement in compression A′s) required for the cross section to be capable 
of sustaining the action of a specified design bending moment Md can be assessed 
through the following step by step procedure which is based on the method of cal-
culation of the cross section’s flexural capacity Mf described in item (b) of Sect. 
3.3.1:

(1)	 Set A′s = 0 and As = As(o) = Md/(zfy), where fy is the yield stress of the steel 
and z = 0.9d.

(2)	 Calculate x from equation (a) in Fig. 4.1 (top), where Fs = Asfy and Fc = σabx 
in which σa results from expression 3.3 by replacing ft with its value obtained 
from one of expressions 3.2 or 3.2b depending on the value of fc.

(3)	 Calculate Mf from equation (b) in Fig. 4.1 (top).
(4)	 Compare Mf with Md:

(4.1)	 If 0 ≤ Mf–Md ≤ a, where a is an acceptable small (positive) value, the 
values of As and A′s adopted for assessing Mf are the required values. If 
Mf–Md > a, return to step (1), adjust the value of As and repeat process.
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(4.2)	 If Mf–Md  ≤  0, place additional amounts of reinforcement in tension 
ΔAs and compression ΔA′s = ΔAs with their geometric centres lying 
at distances d and d′ from the extreme compressive fibre of the cross 
section, such that ΔAs (d–d′)  =  ΔΜ  =  Md–Mf [see Fig.  4.1 (mid-
dle)]; then, return to (2) and repeat the process by using A′s = ΔAs and 
As = As(o) + ΔAs and taking into account the compatibility equations 
(see Fig.  4.1 (bottom)) until 0 ≤ Mf–Md ≤ a. (The latter condition is 
usually fulfilled with the first attempt).
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′ = As = ΔAs 
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4.3 � Assessment of Transverse Reinforcement

For behaviour of types II and III, transverse reinforcement may be required in 
order to prevent failure from occurring before flexural capacity is exhausted. In 
all other cases, a nominal amount of reinforcement in the form of stirrups with a 
spacing not larger than d/2 is deemed sufficient for sustaining tensile stresses of 
the order of 0.5 MPa. (In most cases, such reinforcement is somewhat more con-
servative than the value specified by current codes).

4.3.1 � Type II Behaviour

As discussed in Sect. 2.3, one of the modes of failure characterising beams of type 
II behaviour takes the form of near-horizontal splitting of the compressive zone of 
the beam in the region (marked with “1” in Fig. 3.7 of the preceding chapter) of 
the joint of the horizontal and inclined elements of the ‘frame’ model of the beam 
(i.e. the region where the path of the compressive stress resultant developing on 
account of bending changes direction). Such splitting is caused by the develop-
ment of a tensile force which is essentially equivalent to the shear force acting 
in this region. (As explained in Sect. 2.2.5, this can also be understood by view-
ing the ‘kink’ in the stress path as giving rise to an orthogonal force bisecting the 
angle between the horizontal portion and the inclined leg of the frame: that such 
a force is tensile is evident from the fact that it tends to separate the compressive 
zone of the beam from the cracked region below it).

The maximum value of the shear force that can be sustained by concrete in 
the above region easily results from expression 3.9. When the value of the act-
ing shear force becomes larger than the value resulting from expression 3.9, the 
mode of failure described above can be prevented through the use of transverse 
reinforcement in the form of stirrups. Following the current code reasoning, such 
reinforcement is placed in an amount sufficient to sustain the whole shear force 
corresponding to flexural capacity. Moreover, since as discussed in item (a) of 
Sect. 3.3.2, the tensile stresses developing in the region of the change in the force-
path direction spread over a length equal to d on the either side of the cross section 
at a distance equal to 2.5d from the support, the reinforcement is uniformly dis-
tributed over the same length.

Therefore, in order to safeguard against failure due to horizontal splitting of the 
compressive zone occurring in location 1 (see Fig. 3.7) before flexural capacity is 
exhausted, the acting shear force at this location is taken equal to Vf; then the total 
amount of transverse reinforcement required to sustain Vf is given by

where fyv is the yield stress of the reinforcement.

(4.1)Asv,II1 = Vf /fyv

4.3  Assessment of Transverse Reinforcement
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Such reinforcement (placed within a length equal to 2d spreading symmetri-
cally about the cross section at a distance of 2.5d from the support) is considered 
to be fully effective when the stirrup spacing is not larger that 0.5d.

As discussed in Sect. 2.2.5, for the case of a beam subjected to two point 
loading, the causes of failure characterising type II behaviour may also be 
associated with the loss of bond between concrete and the longitudinal rein-
forcement in tension in the region (marked with “2” in Fig. 3.7 of the preced-
ing chapter) of the shear span adjacent to a point load (see item (d) in Sect. 
2.2.5). (Such bond failure is only associated with type II behaviour and, say, 
two-point loading, since uniformly-distributed loading results in small shear 
forces throughout much of the central span: for more than two point loads, 
an equivalent uniformly-distributed loading can be assumed but, if in doubt, 
a check for shear can always be made for a (small) finite number of point 
loads). Figure 3.8 illustrates a portion of the beam between consecutive cracks, 
together with the internal actions developing on these sections before and after 
loss of bond.

The manner in which the loss of bond causes the change in the internal actions 
and leads to the development of transverse actions within the compressive zone 
of the element, as indicated by σt in Fig. 3.8 and discussed in Sect. 3.3.2, is fully 
described in Sect. 2.2.5 by reference to Fig. 2.8. An assessment of the value of 
transverse tensile stresses σt developing in the compressive zone, when the beam’s 
flexural capacity is attained, can be made through the use of expression 3.13 by 
replacing |ft| with |σt| and VII,2 with Vf (the latter being the shear force at the loca-
tion (marked with “2” in Fig. 3.7) corresponding to flexural capacity) and solving 
for |σt|; then

The value of σt obtained from expression (4.2) is used to obtain the vertical and 
horizontal stress resultants per unit length of the beam within the region marked 
“2” in Fig. 3.7,

(the second term is divided by 2 since, as indicated in Fig. 3.8, the transverse ten-
sile stresses due to the loss of bond develop within half the length of the element 
considered).

Therefore, the amount of transverse reinforcement required per unit length to 
sustain TII,2v and TII,2h will be equal to

Such reinforcement is placed per unit length of the beam in the region marked 
“2” in Fig. 3.7; this region extends between the cross section of the maximum act-
ing bending moment and the cross section at a distance of 2.5d from the nearest 
support.

(4.2)|σt | = fc/
[

5
(

Fc/Vf − 1
)]

(4.3a)TII ,2v = σtb/2

(4.3b)TII ,2h = σtx/2

(4.4)Asv,II2v = TII ,2v/fyv; Asv,II2h = TII ,2h/fyv

http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_4
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3


71

4.3.2 � Type III Behaviour

As discussed in Sect. 2.3, failure characterising type III behaviour is attributable to 
the reduced strength of the compressive zone of the uncracked portion of the beam 
(i.e. the horizontal element of the ‘frame’ of the proposed model) adjacent to the 
region of the change in the path of the compressive stress resultant (i.e. adjacent to 
the region of the joint of the horizontal and inclined members of the ‘frame’). This 
strength reduction, which is due to the deep penetration of the inclined crack closest 
to the support into the compressive zone (see Fig. 2.1), results in a reduction of the 
beam’s flexural capacity.

The beam’s load-carrying capacity may be increased to the value corresponding 
to the flexural capacity by uniformly distributing transverse reinforcement within 
the whole length of the horizontal projection of the inclined leg of the frame (i.e. 
of the horizontal projection of the inclined crack closest to the support [see Fig. 
2.1)]. Figure 4.2 depicts the portion of the beam in Fig. 2.1 enclosed by its left-
hand end face, the deepest inclined crack closest to the support, and the cross-sec-
tion of the horizontal element with the reduced strength. If it is assumed that the 
transverse reinforcement is at yield, then the total force that can be sustained by 
such reinforcement is Tsv,III = Asv,IIIfyv which acts in the middle of the shear span 
av of the portion considered. For the equilibrium of this portion,

where Fs z = VIII αv = MIII [i.e. the bending moment that can be sustained by the 
beam in the absence of any transverse reinforcement; the value of MIII is obtained 
from expression (3.14)], and Rf av = Mf (i.e. the flexural capacity).

Replacing in expression (4.5) Rfav with Mf, Fsz with MIII, Tsv,III with Asv,IIIfyv 
and solving for Asv yields

4.4 � Design Procedure

The design of a reinforced concrete beam involves, on the one hand, the selec-
tion of materials (concrete and steel) of a suitable quality, and, on the other hand, 
the determination of the geometric characteristics (i.e. shape and dimensions) of 

(4.5)Rf av − Tsv,III (av/2) − Fsz = 0

(4.6)Asv,III = 2(Mf − MIII)/
(

avfyv

)

Fig. 4.2   Internal actions on 
the portion of an RC beam 
extending to the cross section 
through the tip of an inclined 
crack for type III behaviour
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the member, inclusive the amount and location of reinforcement, required for the 
beam to have a given load-carrying capacity and ductility. However, the selection 
of the quality of the materials is independent of the proposed methodology, since 
the underlying theory is valid for the whole range of material qualities available 
to date for practical applications. Also, out of the geometric characteristics, the 
span of the beam may be considered as known, since it results directly from the 
overall structural configuration adopted. Hence, the design of a simply-supported 
reinforced concrete beam involves essentially the determination of the cross-sec-
tional characteristics (i.e. shape and dimensions) of the member together with the 
amount and location of the reinforcement.

Bearing in mind the above, the information presented in the preceding chapter 
and Sects. 4.2 and 4.3 of the present chapter may be incorporated into the follow-
ing design procedure which comprises six steps:

(a)	 Preliminary assessment of geometric characteristics. This may be carried out 
by following current design practice as described in Ref. 1.1. For example, 
with the exemption of deep beams (i.e. beams characterised by IV behaviour), 
the cross-sectional depth (d) is taken approximately equal to L/12, where L is 
the beam span, while the web width (bw) of the cross-section is given a value 
between d/3 and 2d/3. (For a rectangular cross-section, b = bw). For the case 
of deep beams, the beam depth is such as to satisfy the condition L/2d < 1, 
which defines deep-beam behaviour, while the width may be taken initially to 
be equal to L/24.

(b)	 Calculation of design bending moment and shear force. With the applied load 
and the beam span known, the bending moment and shear-force diagrams 
may be easily constructed. The design bending moment and shear force at 
‘critical’ cross-sections are obtained from these diagrams.

(c)	 Assessment of longitudinal (flexural) reinforcement. If it is assumed that the 
flexural capacity (Mf) is at least equal to the design bending moment (Md), 
the amount (As) of the longitudinal reinforcement required is calculated as 
described in Sect. 4.2. (It should be noted from Fig. 3.3 that the calculation 
of As is preceded by the calculation of the depth x of the beam’s compressive 
zone (i.e. the depth of the horizontal element of the model ‘frame’).

(d)	 Construction of physical model. As indicated in Fig. 3.1, the shape of the 
model is essentially given; only the position of the joint of the horizontal and 
inclined members of the ‘frame’ must be determined. Figure 3.1 defines the 
above position for the cases of the two-point loading (which also describes 
the case of single-point loading if the two point loads have a common point 
of application, in which instance the ‘horizontal’ member shrinks to the joint 
of the two inclined legs) and uniformly-distributed loading. For a number of 
point loads larger than two, point-loading may be considered equivalent to 
uniformly distributed loading with the same total load.

(e)	 Determination of type of beam behaviour. From Figs. 2.9 and 3.1, the type 
of behaviour may be determined by the value of av/d or L/d depending on the 
type of the applied load.
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(f)	 Calculation of transverse reinforcement. Transverse reinforcement is required 
only for behaviour of types II and III. For all other cases, it is sufficient to pro-
vide nominal reinforcement in the form of stirrups with a spacing not larger 
than d/2 and capable of sustaining tensile stresses of the order of 0.5 MPa. For 
the case of type II behaviour, the method of calculation of transverse reinforce-
ment (required for all types of loading at the location of the joint of the horizon-
tal and inclined elements of the model’s frame) is described in Sect. 4.3.1. This 
section also describes the method of calculation of the additional reinforcement 
that may be required to prevent horizontal splitting of the compressive zone for 
the case of point-loading. Throughout the remainder of the beam, nominal rein-
forcement is provided as for the cases I and IV. For type III behaviour, the cal-
culation of transverse reinforcement is carried out as described in Sect. 4.3.2.

4.5 � Design Examples

In what follows, the examples show instances of design of simply-supported 
beams exhibiting types of behaviour II, III and IV, with the design of such beams 
implicitly including the case of type I behaviour, since its aim is to safeguard the 
latter type of behaviour. The geometric characteristics of the beams’ cross section 
are assessed as discussed in the preceding section; for the cases of type II and III 
behaviour, attention is primarily focused on the assessment of the transverse rein-
forcement required to safeguard against brittle failure.

4.5.1 � Beam Under Uniformly-Distributed Loading

The beam illustrated in Fig.  4.3 has a rectangular cross-section and a span 
L = 6,000 mm. It is constructed with concrete with a uniaxial cylinder compressive 
strength fc = 30 MPa and steel bars with a yield stress fy = 500 MPa, for both longi-
tudinal and transverse reinforcement.

Fig. 4.3   Geometric 
characteristics (top) and 
physical model (bottom) 
of simply-supported beam 
exhibiting type I behaviour 
under uniformly distributed 
load
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(a)	 Assessment of cross-sectional geometric characteristics

As discussed in item (a) of the preceding section, d is taken equal to approximately 
L/12, i.e. d ≈ L/12 = 6,000/12 = 500 mm, and b is given a value between d/2 and 
2d/3, say b = d/2 = 250 mm. For qd = 90 N/mm, the design bending moment Md 
= qdL2/8 = 90 × 6,0002/8 = 405 × 106 Nmm; assuming z = 0.9d = 450 mm, the 
amount of longitudinal reinforcement required for the beam to be capable of sustain-
ing the design bending moment is assessed as discussed in item (1) of Sect. 4.2, i.e. 
As = Md/(zfy) = 405 × 106/(450 × 500) = 1,800 mm2. Such a value of As is equiva-
lent to four 25 mm diameter bars (4D25 ≈ 1,964 mm2).

(b)	 Verification of adequacy of As

For 4D25, the tensile force sustained by the steel bars is Fs  =  As 
fy = 1,964 × 500 = 982000 N. The equilibrium condition Fc = Fs [see Fig. 4.1 
(top)] yields x  =  Fs/(σab). From expression 3.3, in which ft  =  2.37  MPa 
is obtained from expression 3.2a, σa  =  41.84  MPa and thus x  =  982,000/
(41.84 × 250) ≈ 94 mm. Hence, the lever arm of the couple of the longitudinal 
internal forces is z = d−x/2 = 500−94/2 = 453 mm and the moment of the cou-
ple yields the beam’s flexural capacity Mf = Fs z = 982,000 × 453 ≈ 445 × 106 N
mm > Md = 405 × 106 Nmm. Therefore, the reinforcement provided is sufficient 
for the beam to sustain the design bending moment.

(c)	 Physical model

For the case of a simply-supported beam under uniformly distributed loading, the 
position of the joint of the horizontal and inclined elements of the model ‘frame’ 
depends on L/d (see Fig. 3.1). Since L/d = 6,000/500 = 12 > 8, the beam is char-
acterised by type of behaviour I or II and, hence, the distance of the joint from the 
support is equal to 2.5d = 2.5 × 500 = 1,250 mm [see Fig. 4.3 (bottom)].

(d)	 Checking for non-flexural failure

For the case of beams exhibiting type II behaviour under uniformly-distributed load-
ing, a non-flexural type of failure may only occur due to the development of trans-
verse tension in the region of the joint of the horizontal and inclined elements of 
the ‘frame’ indicated as location 1 in Fig. 4.3 (bottom). This tensile force, which is 
numerically equal to the shear force (VII,1) developing at this location, cannot exceed 
a value TII,1 = 0.5 × 2.37 × 250 × 500 = 148125 N obtained from expression (3.8).

The load-carrying capacity of the beam corresponding to Mf is qf  =  8 Mf/L2  
=  8 ×  445 ×  106/6,0002 ≈  99 N/mm and the shear force developing at location  
1 is Vf =  qf L/2–2.5 d qf =  99 ×  6,000/2–2.5 ×  500 ×  99 =  173250  N  >  VII,1  
= TII,1 = 148125 N. Hence, the beam is not capable of sustaining the tensile force 
developing at location 1 when the beam’s flexural capacity is attained.

(e)	 Transverse reinforcement

In view of the above, there is a need for transverse reinforcement which, as dis-
cussed in Sect. 4.3.1, should be capable of sustaining the total transverse tensile 
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force of 173250 N developing within the region of location 1. The total amount of 
such reinforcement is Asv,II1 = 173,250/500 = 346.5 mm2 which is placed within 
a length 2d = 2 × 500 = 1,000 mm, symmetrically with respect to location 1, the 
latter being at a distance equal to 2.5 d = 1,250 mm from the support closest to 
it. This reinforcement is equivalent to four two-legged 8 mm diameter stirrups at 
a spacing of 290 mm (=402.12 mm2 > 346.5 mm2) > d/2 = 250 mm. Since, the 
calculated spacing is larger than the maximum allowed value of d/2 = 250 mm, 
the specified stirrups are placed at a spacing of 250 mm throughout the beam span 
in order to satisfy the requirement of nominal reinforcement. (It should be noted 
that the specified stirrups are capable of sustaining transverse tensile stresses of 
0.8 MPa which is larger than the nominal value of 0.5 MPa).

4.5.2 � Beam Under Two-Point Loading with av/d = 4

In what follows, the beam under uniformly-distributed loading discussed in the 
preceding section is checked for determining whether the arrangement and amount 
of transverse reinforcement provided is sufficient for preventing any non-flexural 
type of failure occurring before the beam’s flexural capacity is exhausted under 
two-point loading.

(a)	 Load-carrying capacity

When the beam attains its flexural capacity Mf, the shear force developing with the 
shear spans is Vf = Mf/av = 445 × 106/2,000 = 222500 N. Thus, load-carrying 
capacity is Pf = 2 Vf = 445000 N.

(b)	 Model

For av = 2,000 mm, av/d = 2,000/500 = 4 > 2.5. Thus, the beam exhibits type I or 
type II behaviour and, hence, its model [shown in Fig. 4.4 (bottom)] is similar to 
that for the case of uniformly-distributed loading shown in Fig. 4.3, but, unlike the 
latter which may suffer brittle failure in the region of location 1, the former may 
also suffer such failure in the region of location 2.

(c)	 Transverse reinforcement

From expression 3.9, the ‘shear’ force that can be sustained without the need of 
transverse reinforcement in the region of location 1 is VII,1 = 0.5 × 2.37 × 250 × 
500 = 148 125 N < 222500 N. Thus, there is a need for transverse reinforcement 
capable of sustaining the whole transverse tensile force of 222500 N developing 
in this region, i.e. Asv,II1 = 222,500/500 = 445 mm2. Such reinforcement is placed 
within a length 2d = 2 × 500 = 1,000 mm, symmetrically with respect to loca-
tion 1, the latter being at a distance equal to 2.5 d = 1,250 mm form the support 
closest to it. This amount of reinforcement is equivalent to five two-legged stir-
rups of 8 mm diameter at a spacing of 225 mm. For practical purposes, the speci-
fied amount of transverse reinforcement comprises two-legged stirrups of 8  mm 
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diameter at a spacing of 200 mm throughout the region [indicated as L1 in Fig. 4.4 
(top)] of location 1.

From expression 3.13, the ‘shear’ force that can be sustained without the need 
of transverse reinforcement in the region of location 2 is VII,2 = 982,000 × [1−1/
(1 + 5|2.37|/30)] = 278057 N > Vf = 222500 N. Thus, there is no need for trans-
verse reinforcement in the region of location 2 other than the nominal amount.

The transverse reinforcement details are shown in Fig. 4.4: Nominal reinforce-
ment (such as that specified for the case discussed in the preceding section, i.e. 
two-legged 8  mm diameter stirrups at a spacing of 250  mm) is provided in the 
regions marked with ‘N’, whereas the reinforcement assessed as described in 
the preceding paragraph (i.e. two legged 8 mm diameter stirrups at a spacing of 
200 mm) is placed within the regions of locations 1 marked with ‘L1’.

4.5.3 � Beam Under Two-Point Loading with av/d = 3

For the beam in Fig. 4.5, it is required to design transverse reinforcement capable 
of safeguarding against brittle types of failure.

(a)	 Load-carrying capacity

The beam’s geometric characteristics, longitudinal reinforcement and material 
properties are those of the beams discussed in the preceding sections. Therefore, 
flexural capacity is Mf = 445 × 106 and, hence, ‘shear’ capacity is Vf = Mf/av = 4
45 × 106/1,500 ≈ 296667 N. Thus, Pf = 2 Vf ≈ 593334 N.

(b)	 Model

For av = 1,500 mm, av/d = 1,500/500 = 3 > 2.5. Thus, the beam exhibits type I or 
type II behaviour and, hence, its model [shown in Fig. 4.5 (bottom)] is similar to 
that shown in Fig. 4.4 (bottom).

Fig. 4.4   Geometric 
characteristics (top) and 
physical model (bottom) 
of simply-supported beam 
exhibiting type II under  
two-point loading
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(c)	 Transverse reinforcement

From expression 3.9, VII,1 = 0.5 × 2.37 × 250 × 500 = 148125 N < 296667 N. 
Thus, there is a need for transverse reinforcement capable of sustaining a transverse 
tensile force of 296667 N, i.e. Asv,II1 = 296,667/500 = 593.33 mm2. Such reinforce-
ment, which should be placed within a length d = 500 mm on either side of loca-
tion 1, is equivalent to six two-legged stirrups of 8 mm diameter (=6 x 1500.53 
mm2 = 603.18 mm2). Since the region of location 1 cannot extend beyond the 
load point, three of these stirrups are placed within a length of 500 mm to the left 
of location 1 at spacing of 150 mm, and three within a length of 250 mm to the 
right of location 1 (distance between location 1 and load point) at 75 mm spacing.

From expression 3.13, the ‘shear’ force that can be sustained without the need of 
transverse reinforcement in the region of location 2 is VII,2 = 982,000 × [1−1/(1 + 
5|2.37|/30)] = 278057 N < Vf = 296667 N. Thus, there is need for transverse rein-
forcement capable of sustaining the tensile stresses developing in the region of loca-
tion 2 due to the loss of bond between concrete and the longitudinal reinforcement. 
The amount of reinforcement required for this purposed is calculated through the use 
of expressions (4.2) and (4.3). From expression (4.2), the transverse tensile stresses 
developing within the region of location 2 (extending from location 1 (i.e. the loca-
tion of the joint of the horizontal and inclined elements of the ‘frame’) to the point 
load) are σt =  30/[5 ×  (982000/296667-1] ≈  2.6  MPa, whereas from expression 
(4.3), the total tensile force developing within this region (with a length 250 mm) is 
TII,2v = 2.6 × 250 × 250/2 = 81250 N in the vertical direction and TII,2h = 2.6 × 9
4 × 250/2 = 30550 N horizontally. The amount of transverse reinforcement (within 
the length of 250 mm of the region of location 2) required to sustain TII,2v is Asv,IIIv 
= 81250/500 = 162.5 mm2, i.e. two two-legged 8 mm diameter stirrups at a spac-
ing of 125 mm, with the horizontal leg of the stirrups within the compressive zone 
being sufficient to sustain TII,2h, since two one-legged 8 mm stirrups are capable of 
sustaining a force F = 100.53 × 500 = 50265 N > TII,2h = 30550 N. However, such 
reinforcement at location 2 is covered by that already specified for location1.

Fig. 4.5   Geometric 
characteristics (top) and 
physical model (bottom) 
of simply-supported beam 
exhibiting type II behaviour 
under two-point loading
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The transverse reinforcement details are shown in Fig.  4.5: Nominal rein-
forcement is provided in the regions marked with ‘N’, whereas the reinforce-
ment assessed for location 1 is placed in the regions marked L1 and L1’, with that 
within L1’ also covering the need for transverse reinforcement at location 2.

4.5.4 � Beam Under Two-Point Loading Exhibiting  
Type III Behaviour

Figure 4.6 illustrates the geometric characteristics of a beam with type III behav-
iour (i.e. with a value of av/d (= 2,000/1,000 = 2) between 1 and 2.5), under two 
point loading symmetrical about the mid-span. In the following the proposed 
method is used to calculate the amount of transverse reinforcement required to 
safeguard against brittle types of failure.

Figure  4.7 depicts the internal actions that would develop at any cross-section 
within the portion of the beam between the load-points, were the beam capable to 
reach its flexural capacity. Since the material characteristics are those already used 
in the previous design examples, σa = 41.84 MPa, Fc = σabx = 41.84 × 350 × x = 
14,644x and Fs = 2 × 982000 N = 1964000 N. The equilibrium condition Fc = Fs 
yields a depth of the compressive zone x = 1964,000/(41.84 × 350) ≈ 134 mm, and 
thus the lever arm of the couple of the longitudinal internal forces is z = d−x/2 = 1,
000−134/2 = 933 mm. The moment of this couple yields the beam’s flexural capac-
ity Mf = 1,964,000 × 933 = 1,832.41 × 106 Nmm.

Failure of the beam may also result from the reduction of the depth of the com-
pressive zone owing to the extension of the inclined crack which is deeper than the 
flexural cracks. (The causes of this type of failure—occurring as a result of failure 
of the horizontal element of the ‘frame’, in the region of the joint of the horizontal 

Fig. 4.6   Geometric 
characteristics (top) and 
physical model (bottom) 
of simply-supported beam 
exhibiting type III behaviour 
under two-point loading
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and inclined elements of the ‘frame’—were described in Sect. 2.3). The reduction 
in depth causes a reduction in flexural capacity and the maximum bending moment 
MIII that can be sustained by the beam is assessed, as described in Sect. 3.3.3, by 
linear interpolation between two values of values of MIII corresponding to av/d = 1 
(MIII =  Mf) and av/d =  2.5 (MIII =  MII

(2.5d)). Thus for av/d =  2.5, expression 3.9 
yields VII,1 = 0.5x2.37 × 350 × 1,000 = 414750 N from which it is easily obtained 
MII

(2.5d) = 2.5dVII,1 = 2.5 × 1,000 × 414,750 = 1036.87 × 106 Nmm. As a result, 
for av/d = 2, expression (3.14) yields MIII = 1,036.87 × 106 +  (1,832.41 × 106–
1,036.87 × 106) (2.5 × 1,000–2,000)/(1.5 × 1,000) = 1,302.05 × 106 Nmm.

Comparing the above value with Mf  =  1,832.41  ×  106  Nmm leads to the 
conclusion that the beam will fail before its flexural capacity is exhausted. As 
discussed in Sect. 4.3.2, this type of failure can be prevented by uniformly dis-
tributing transverse reinforcement in the form of stirrups within the whole length 
of the shear spans. The amount of such reinforcement required is assessed from 
expression (4.6) which yields Asv,III  =  2(1,832.41  ×  106–1,302.05  ×  106)/
(2,000 × 500) = 1,062.72 mm2 required for this purpose, the latter being equiva-
lent to twelve two-legged 8 mm diameter stirrups (with a total cross-sectional area 
of 1,206.37 mm2) uniformly distributed within each of the beam’s spans at a spac-
ing of 200 mm; three additional two-legged 8 mm diameter stirrups at the same 
spacing are placed within the portion of the beam between the load points as nom-
inal reinforcement [see Fig. 4.7 (top)].

4.5.5 � Beam of Type IV Behaviour

Figure 4.8 illustrates the geometric characteristics of a beam with type IV behav-
iour (i.e. with a value of av/d (=  1,200/1,500 =  0.8) ≤  1), under a single point 
load applied at mid span. In the following the proposed method is used to predict 
both the load-carrying capacity and the mode of failure of the beam.

As discussed in Sect. 3.3.4, the load-carrying capacity of the beam depends 
on the compressive strength of the weakest element of the ‘frame’ of the model 

Fig. 4.7   Internal actions 
developing at the portion 
of the model in Fig. 4.6 
extending from the left-hand 
side support to the cross-
section through the load 
closest to this support
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in Fig.  4.8 (bottom). Note that the single point loading precludes the formation 
of a finite horizontal member of the ‘frame’ as explained in item (d) of Sect. 4.4. 
From Fig. 4.9, the depth x of the cross-section of the ‘horizontal’ element (in this 
instance, of course, the latter is made up entirely of the ‘junction’ in the ‘frame’) 
is obtained from the equilibrium condition Fc = Fs, where Fc = σabx = 41.84 × 
200  ×  x  =  8,368x and Fs  =  982000  N, since the material characteristics and 
the longitudinal reinforcement are those already used in the previous design exam-
ple; thus, x = 982,000/(41.84 × 200) ≈ 117 mm. With x known, the lever arm of 
the couple of the longitudinal internal actions Fc = Fs is z = d−x/2 = 1,500−11
7/2 ≈ 1,442 mm. The condition Rf av = Fsz, where Rf is the reaction (Rf = Pf/2, 
with Pf being the being the beam’s load-carrying capacity), yields the value 

Fig. 4.9   Internal actions 
developing at the mid cross-
section of the model  
in Fig. 4.8 (bottom)
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Rf = Vf = (z/av)Fs = (1,442/1,200) × 982,000 ≈ 1,180,037 kN which corresponds 
to failure of the ‘horizontal element of the ‘frame’ of the beam model.

On the other hand, the compressive strength of the inclined element of the ‘frame’ 
is exhausted when the axial force acting on it attains a value FD = (av/3)bfc = (1,200
/3) × 200 × 30 = 2,400000 N. The vertical component PD = FD z/(z + av)1/2 = 2,40
0,000 × 1,442/(1,4422 + 1,5002)1/2 = 1663276 N is equal to the value of the reaction 
had the compressive strength of the inclined element being attained. Since the latter 
value is significantly larger than the value of the reaction corresponding to the beam’s 
flexural capacity, the beam is predicted to exhibit a flexural mode of failure under a 
load Pf = 2Rf = 2 × 1180037 = 2360074 N ≈ 2,360 kN.

Due to its plate-like shape, the beam in Fig. 4.8 is sensitive to unintended out-
of-plane actions which may lead to premature failure due to buckling. Such a type 
of failure is prevented through the provision of nominal reinforcement in the form 
of a cage comprising vertical two legged stirrups at a spacing of 300 mm and one 
layer of 8 mm horizontal bars at 500 mm spacing on either side face of the beam 
as indicated in Fig. 4.8.

4.5  Design Examples
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5.1 � Background

Punching, which may be suffered by two-dimensional (2D) reinforced-concrete 
(RC) structural elements (such as flat slabs, plates, footings, etc.) in regions under 
the action of concentrated load, is widely considered to be a ‘shear’ (non-flexural) 
type of failure. As a result, the methods adopted by current codes of practice (such 
as, for example, those adopted by ACI318 [1] and EC2 [2]) for designing against 
punching are essentially those applied to the ‘shear’ design of RC beam-like ele-
ments with modifications that allow for characteristics of structural behaviour 
particular to punching and to the geometry of the relevant structural elements. 
Furthermore, as for the case of ‘shear’ capacity, the assessment of punching capacity 
is invariably based on the use of semi-empirical formulae calibrated by regression 
analyses of published experimental data [1, 2].

Although such formulae appear to provide a realistic description of the effect of 
the element geometry and material properties on structural behaviour, their empiri-
cal nature precludes any insight into the fundamental causes of punching that the 
provision of transverse reinforcement is expected to prevent. Moreover, due to 
the large scatter of the experimental results, it is inevitable for the predicted val-
ues to exhibit significant deviations from individual test data. In fact, it is consid-
ered that instances of structural failures (such as, for example, the collapse of the 
Wolverhampton car park [3, 4]) may reflect the lack of a sound underlying theory 
rather than the inability of design formulae to provide a lower bound envelope to 
all experimental data.

On the other hand, as already discussed, the failure criteria presented in Chap. 3, 
are not only characterised by simplicity, but also provide a realistic description of 
the causes of non-flexural types of failure, as well as fit the experimental data pub-
lished to date significantly closer than the formulae adopted by current codes. In 
the present chapter, the range of application of the above failure criteria is extended 
to cover the case of punching. In fact, it is shown that their use leads to design 
solutions which appear to be capable of safeguarding against punching.

Chapter 5
Design for Punching of Flat Slabs

M. D. Kotsovos, Compressive Force-Path Method, Engineering Materials,  
DOI: 10.1007/978-3-319-00488-4_5, © Springer International Publishing Switzerland 2014

http://dx.doi.org/10.1007/978-3-319-00488-4_3
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5.2 � Criteria for Punching

The relevance to punching of both the causes of ‘shear’ failure of beam elements and the 
failure criteria proposed in Chap. 3 is discussed in what follows by reference to Fig. 5.1. 
The figure shows a rectangular simply-supported slab subjected to a patch load at its 
geometric centre, with the slab being considered to represent the middle portion of the 
larger slab shown in Fig. 5.2. From the latter figure, it can be seen that the above portion 
extends radially from the middle support (represented as a patch load in Fig. 5.1) to the 
geometric locus of the points where the bending moment diagrams drawn between this 
and the outer supports first intersect the slab. The geometric locus of the points of zero 
bending moment is also indicated in Fig. 5.1 where it is shown that its shape (marked 
with “3”) deviates from the rectangular shape of the simple support as a result of the 
tendency of the corners to rise when the slab is under the action of the transverse load.

5.2.1 � Punching Due to Bond Failure

It has been postulated that the causes of failure underlying the failure criteria dis-
cussed in Chap. 3 are also relevant to punching [5]. In fact, it has already been 
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shown by analysis that punching of flat slabs is preceded by horizontal cracking 
of the compressive zone in the region of the slab’s intersection with a supporting 
column (location 2 in Fig. 5.1), where large bending moments combine with large 
shear forces [6]; the causes for the occurrence of such cracking appear to be simi-
lar to those underlying the derivation of expression 3.13.

In order to use expression 3.13 for assessing the punching capacity of slabs, it 
has been further postulated that resistance to punching is predominantly provided 
by two slab strips intersecting at the column head and aligned in the (perpendicu-
lar to each other) directions of the flexural reinforcement [5]. These strips, which 
are considered to contain the flexural reinforcement (aligned in their direction) 
most likely to be the first (of the total amount of the slab flexural reinforcement in 
the direction considered) to yield, extend to a distance of λd on either side of the 
supporting column, as indicated in Fig. 5.1, i.e. the strip width will be

with

wc	 being the column width along the axes of symmetry (x or y) of the column 
cross section;

d	 the effective depth of the slab; and
λ,	 a parameter describing the effect of (1) concrete strength (fc) and (2) the ratio  

(ρ) and the yield stress (fy) of the flexural reinforcement

Guided by the results of a parametric study based on the use of a finite-element 
model that has been found capable of yielding realistic predictions of structural 
concrete behaviour [6], the parameter λ has been expressed in the form [5]

with λ1 and λ2 being always not smaller than 1.
From expression 5.2, it can be seen that for the range of the types of concrete 

and steel currently used in practice and the values of reinforcement ratio com-
monly encountered in flat slabs, λ = 1, i.e. the strip width wII, 2 is independent of the 

(5.1)wII , 2 = wc + 2λd

(5.2)λ = λ1λ2 =

(

2 − 100 ρ fy/500
) [

1 + 0.01 (fc − 60)
]

Fig. 5.2   Schematic representation of distribution of bending moment developing in a flat slab 
under transverse load

5.2  Criteria for Punching
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material characteristics and amount of flexural reinforcement. On the other hand, a 
reduction of the tensile force sustained by the flexural reinforcement through the use 
of either a smaller reinforcement ratio ρ (i.e. ρ < 1 %), or steel with a smaller yield 
stress fy (i.e. fy < 500 MPa), appears to lead to an increase of the strip width wII, 2; the 
latter appears to also increase with the use of high-strength concrete, i.e. concrete 
with fc > 60 MPa. The causes of the above effects are not as yet fully clarified.

Based on the above considerations, the shear force VII, 2 obtained from Eq. 3.13 
corresponds to one of the four components (one for each side of the supporting col-
umn) of the punching capacity PII, 2, with Fc being the force developing within the 
compressive zone due to bending of the slab strip with a width wII, 2x or wII, 2y extend-
ing symmetrically about the column cross-section’s axes of symmetry x and y, i.e.

5.2.2 � Punching Initiation at the Location of Change  
in the CFP Direction

In contrast with the causes of failure underlying expression 3.13, those underlying 
expression 3.9 are not directly dependent of the flexural reinforcement, as they relate 
to the development of transverse tensile stresses in the region of the slab’s locations 
where the compressive force path (CFP) changes direction (locations 1 in Fig. 5.1). 
As a result, resistance to the action of these stresses, in this case, is provided not by 
the slab strips discussed earlier but by the slab region extending to a distance d on 
either side of the above locations. The trace of these locations on the middle plane of 
the slab is encompassed by the geometric locus of the points where the slab bending 
moment becomes zero, with the two curves having a similar shape, since, as indi-
cated in Fig. 5.1, the distance of the former from the latter is equal to 2.5d. From the 
figure, it can be seen that, for the case of a rectangular slab, the trace of the locations 
where the CFP changes direction may be considered to have an elliptical shape, 
which may reduce to a circular one for the case of a circular or square slab.

In view of the above, if b is replaced with the perimeter wII, 1 of the trace (on 
the middle plane of the slab) of the locations at which the CFP changes direction, 
then VII, 1, assessed from expression 3.9, is considered to express the slab’s resist-
ance, PII, 1, to punching that may initiate in the region of the above locations due 
to the causes of failure underlying expression 3.9, i.e.

5.2.3 � Punching Capacity

It appears from the above that punching may occur, as a result of the development 
of transverse tensile stresses within the compressive zone, either in the region 
of the column head (marked with “2” in Fig. 5.1) where large bending moments 

(5.3)PII , 2 = ΣVII , 2 = ΣFc∗

[

1 − 1/ (1 + 5|ft|/fc)
]

(5.4)PII , 1 = VII , 1 = 0.5 d wII , 1ft
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combine with large shear forces or in the region (marked with “1” in Fig.  5.1) 
where the path of the compressive forces (due to bending) emanating from the col-
umn-slab intersection change direction (at a distance equal to 2.5d from the loca-
tion of the zero bending-moment) towards the opposite slab face. In the former 
case, resistance to punching, PII, 2, is assessed through the use of expression 5.3, 
whereas in the latter resistance to punching, PII, 1, results from expression 5.4, in 
both cases by implementing the modifications discussed in the preceding sections, 
with punching failure occurring when the acting punching force tends to exceed 
the smaller of PII, 1, and PII, 2.

It may be noted that, in contrast with current codes which do not provide any 
reasons to justify the particular perimeters around the column head where it is 
recommended to check for punching, the proposed criteria not only describe the 
causes of punching and the regions most likely to suffer it, but also specify the 
perimeter beyond which punching is unlikely to occur.

5.2.4 � Verification of Proposed Criteria for Punching

The verification of the proposed criteria is based on a comparison of the predicted 
values of punching capacity with experimental values obtained from tests on sim-
ply-supported slabs under patch loading. As discussed in a preceding section, such 
slabs are considered to represent the portion of a flat slab, around a supporting col-
umn, which extends to the section where the bending moment becomes zero.

The ratio of the experimental to the calculated by the proposed method val-
ues of the punching load are given in a bar chart form in Figs. 5.3, 5.4, 5.5, 5.6, 
5.7, 5.8, 5.9, 5.10, 5.11, 5.12, 5.13, 5.14, 5.15, 5.16, 5.17, and 5.18, with the fig-
ures also containing the designation of the specimens through which their design 
details may be obtained from the references cited in the figure captions (full 
details of the references indicated in Figs.  5.3, 5.4, 5.5, 5.6, 5.7, 5.8, 5.9, 5.10, 
5.11, 5.12, 5.13, 5.14, 5.15, 5.16, 5.17, and 5.18 are provided in Ref. [7]). For pur-
poses of comparison, the figures also include the ratios of the experimental values 
to those predicted by ACI [1] and EC2 [2]. In order to facilitate the comparison of 
the normalised values of punching capacity, the mean and standard deviation val-
ues of the information provided in each of the Figs. 5.3, 5.4, 5.5, 5.6, 5.7, 5.8, 5.9, 
5.10, 5.11, 5.12, 5.13, 5.14, 5.15, 5.16, 5.17, and 5.18 are summarised in Table 5.1.

It should be noted that the design details of the slabs investigated cover a wide 
range of parameters, with fc varying from a value as low as 11 MPa up to a value 
of over 115 MPa, fy from about 300 MPa to around 750 MPa, ρ from 0.3 to 6.9 %, 
the slab span and effective depth d from 720 to 3,000  mm and 77 to 275  mm, 
respectively, and the column width/diameter (wc) from 100 to 600 mm. The test 
values of punching capacity have been normalised with respect to the values 
assessed by the proposed criteria and their variation with each of the above param-
eters is shown in Figs. 5.19, 5.20, 5.21, 5.22, and 5.23. The figures also include the 
overall mean value of load-carrying capacity shown in Table 5.1.

5.2  Criteria for Punching
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It is interesting to note that, in most cases, the proposed criteria predict that 
the occurrence of punching is linked with the causes of failure underlying expres-
sion 5.3, i.e. the loss of bond between concrete and the flexural reinforcement in 
the region of the column head where yielding of the reinforcement is likely to 
occur first. However, there are cases of punching in which failure initiates in the 
region of the locations where the compressive force due to bending changes direc-
tion due to the causes underlying expression 5.4, with the latter type of punching 
being more likely to occur for the case of low strength concrete (fc < 25 MPa), par-
ticularly when it combines with values of ρ larger than 1 %.
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From the figures, it can also be seen that for most slabs investigated the val-
ues predicted by the proposed criteria provide a closer fit to the experimental data 
than the values predicted by ACI, with the former values being similar to those 
predicted by EC2. In fact, Table 5.1 indicates that the overall mean value of those 
predicted by the proposed criteria is slightly better than its EC2 counterpart, with 
the latter being characterised by a slightly smaller standard deviation. On the other 
hand, the mean value of the ACI predictions exhibits not only a larger departure 
from the experimentally established values, but also the largest standard deviation.

Although other criteria (such as those, for example, described in Refs. [10–13]) 
have been shown to yield predictions similar to those of the criteria proposed in 
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Fig.  5.5   Quadratic slabs tested by Moe (1961) [7]: ratios of experimental (E) and calculated 
(through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.41, 1.32, 
1.16 and 0.13, 0.13, 0.18, respectively)
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Fig. 5.6   Quadratic slabs tested by Manterola (1966) [7]: ratios of experimental (E) and calcu-
lated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.03, 0.95, 
1.16 and 0.25, 0.11, 0.19, respectively)
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the present work, it is considered that the advantages stemming from adopting the 
latter criteria relate to their ability to provide a better indication of the causes and 
location of failure, rather than a more accurate prediction of the punching load. In 
fact, as discussed in Sect. 5.3, the transverse reinforcement arrangement required 
to prevent punching failure due to the causes underlying the development of 
expressions 5.3 and 5.4 is significantly different than that resulting from the appli-
cation of the code provisions and this improves structural behaviour.

It is interesting to note in Figs. 5.19, 5.20, 5.21, 5.22, and 5.23 that although 
the derivation of the proposed criteria is based on first principles without the need 
for calibration through the use of test data, the predicted behaviour provides a 
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Fig.  5.7   Quadratic slabs tested by Corley/Hawkins (1968) [7]: ratios of experimental (E) and 
calculated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching 
load. (Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.0, 
0.87, 0.93 and 0.06, 0, 0.06, respectively)
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Fig. 5.8   Circular slabs tested by Ladner et al. (1970–1977) [7]: ratios of experimental (E) and 
calculated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching 
load. (Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.62, 
1.29, 1.33 and 0.15, 0.09, 0.23, respectively)
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consistent description of the effect of the parameters involved in expressions 5.3 
and 5.4. It is also interesting to note that the normalised test data exhibit a spread 
of the order of ±0.5 about the mean value. This spread is similar to the deviation 
of the maximum and minimum values from the mean value of the tensile strength 
of concrete, ft, which, as indicated in expressions 3.2a and 3.2b, is of the order 
of ±0.45. Since the proposed criteria are directly linked to ft, this compatibility 
between the spread of the predicted values of punching capacity and the spread of 
the experimentally-established values of the tensile strength of concrete is consid-
ered as an additional indication of the validity of the causes of punching expressed 
by the proposed criteria.
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Fig. 5.10   Circular slabs tested by Schaefers (1978) [7]: ratios of experimental (E) and calcu-
lated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.51, 1.21, 
1.11 and 0.09, 0.09, 0.01, respectively)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

ex
p

er
im

en
t/

ca
lc

u
la

ti
o

n

Specimen designation

E/ACI
E/EC2
E/CFP

Fig. 5.9   Circular slabs P2 and P5 tested by ETH (1977/1979) [7]: ratios of experimental (E) and 
calculated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching 
load. (Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.52, 
1.11, 0.81 and 0.12, 0.11, 0.01, respectively)
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5.3 � Transverse Reinforcement for Punching

It has been proposed that the expressions used to assess the reinforcement required 
to prevent non flexural failure of beams can also be used to assess the transverse 
reinforcement required to prevent punching [14]. Such reinforcement is required 
when the design load is larger than the values resulting from expression 5.3 and 
5.4. Reinforcement Asv, II1 resulting from expression 4.1 is placed throughout the 
length wII, 1 (see Sect. 5.2.2) and within a zone extending a distance d on either 
size of wII, 1. On the other hand, reinforcement Asv, II2 resulting from expressions 
4.4 is distributed within the portion of the slab strip (with a width wII, 2 resulting 
from expressions 5.1 and 5.2) extending from column-slab interface to the section 
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Fig. 5.11   Quadratic slabs tested by Swamy/Ali (1982) [7]: ratios of experimental (E) and calcu-
lated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.02, 1.11, 
1.36 and 0.11, 0.11, 0.11, respectively)
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Fig.  5.12   Quadratic slabs tested by Regan (1986) [7]: ratios of experimental (E) and calcu-
lated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.47, 1.19, 
1.12 and 0.22, 0.17, 0.21, respectively)
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where the compressive force changes direction. Within the common area of the 
above regions only the larger of Asv, II1 and Ass, II2 is placed.

It is interesting to note that the method proposed above for assessing the trans-
verse reinforcement required to prevent punching ignores the contribution of concrete 
to the slab’s resistance to this type of failure. Such an approach adopts the reason-
ing that underlies the EC2 provisions for shear design, which has not as yet been 
extended to the code provisions for punching. It is possible for the proposed method, 
however, to allow for the contribution of concrete by subtracting its contribution (VII, 

1, in the region of locations 1, and VII, 2, in the regions of locations 2, as obtained 
from expressions 5.4 and 5.3, respectively) from the corresponding values of Vf. The 
significance of this contribution forms part of a parametric study described later on.
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Fig.  5.13   Circular slabs tested by Tolf (1988) [7]: ratios of experimental (E) and calculated 
(through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.33, 1.11, 
0.76 and 0.3, 0.14, 0.11, respectively)
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Fig.  5.14   Circular slabs tested by Ramdane (1993) [7]: ratios of experimental (E) and calcu-
lated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.51, 1.18, 
1.18 and 0.33, 0.2, 0.21, respectively)
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5.4 � Verification of Design Method

5.4.1 � Slabs Investigated

The verification of the proposed method is based on the comparative study of 
the results obtained from numerical tests on slabs designed in accordance with 
both the proposed method and the methods adopted by current codes such as 
the ACI318 and the EC2. The slabs are square in shape with a 2,000  mm side, 
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Fig.  5.16   Circular slabs tested by Hallgren (1996) [7]: ratios of experimental (E) and calcu-
lated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching load. 
(Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.1, 0.98, 
1.1 and 0.26, 0.08, 0.1, respectively)
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Fig. 5.15   Quadratic slabs tested by Tomaszewicz (1993) [7]: ratios of experimental (E) and cal-
culated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching 
load. (Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.52, 
1.07, 1.19 and 0.19, 0.08, 0.27, respectively)
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a 200 mm depth, and a flexural reinforcement ratio (ρ) of 0.77 %. The uniaxial 
(cylinder) compressive strength of concrete and the yield stress of the longitudi-
nal and shear reinforcement are fc = 30 MPa, fy = 500 MPa and fyv = 220 MPa, 
respectively. The slab is considered to be monolithically connected to a column 
with a square cross-section of 400  mm side, and subjected to a monotonically 
increasing uniform displacement imposed on points arranged symmetrically about 
the slab’s axes of symmetry so as to form a near circular curve with its centre 
coinciding with the geometric centre of the slab and its radius being approximately 
equal to 900 mm (see Figs. 5.24, 5.25, and 5.26).

The figures also provide an indication of the reinforcement arrangements 
resulting from the methods investigated, with Fig.  5.24 showing that the shear 
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Fig. 5.17   Rectangular slabs tested by Olivera et al. (2004) [8]: ratios of experimental (E) and 
calculated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of punching 
load. (Average and standard deviation values of ratios for ACI, EC2 and proposed methods: 1.19, 
1.05, 0.91 and 0.08, 0.05, 0.08, respectively)
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Fig.  5.18   Quadratic slabs tested by Papanikolaou et al. (2005) [9]: ratios of experimental (E) 
and calculated (through the proposed (CFP), ACI (ACI) and EC2 (EC) methods) values of 
punching load. (Average and standard deviation values of ratios for ACI, EC2 and proposed 
methods: 1.96, 1.72, 1.48 and 0.29, 0.18, 0.17, respectively)
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reinforcement is distributed within the strips with a width wc + d intersecting at 
the column head and extending in parallel to the slab sides from the column-slab 
intersection to the section where the CFP changes direction. As discussed later, 
distributing the shear reinforcement within this strip width is found to produce the 
most effective design solution. In all cases the stirrup spacing is taken constant 
and equal to 100 mm, with the amount of stirrups being expressed in terms of the 
stirrup cross-sectional area rather than diameter for purposes of easier comparison. 
Depending on the method of design, the slabs are referred to as CFP, EC2 and 
ACI, whereas those without shear reinforcement as CON (control). It is interesting 
to note in the figures that the CFP method specifies a significantly larger amount 
of vertical reinforcement than that specified by current-code methods: moreover, 
the proposed method also specifies a layer of horizontally placed bars across the 
slab strips in the region of their compressive zone extending from the column-slab 
interface to the section where the compressive force changes direction.

Table 5.1   Summary of the mean and standard deviation values of the ratios of the experimental 
to predicted load-carrying capacities for the slabs in Figs. 5.3, 5.4, 5.5, 5.6, 5.7, 5.8, 5.9, 5.10, 
5.11, 5.12, 5.13, 5.14, 5.15, 5.16, 5.17, and 5.18

Ref. Load carrying capacity

EXP/ACI EXP/EC2 EXP/CFP

Mean Standard 
deviation

Mean Standard 
deviation

Mean Standard 
deviation

Kinnune and  
Nylander [7]

1.410 0296 1.228 0.181 1.061 0.090

Elstner and  
Hognestad [7]

1.325 0.419 1.129 0.182 1.204 0.161

Moe [7] 1.406 0.133 1.324 0.127 1.159 0.181
Monterola [7] 1.034 0.252 0.954 0.11 1.156 0.192
Corley and Hawkins 

[7]
1.000 0.064 0.870 0 0.925 0.064

Ladner et al. [7] 1.618 0.150 1.287 0.085 1.338 0.228
ETH [7] 1.515 0.120 1.110 0.106 0.81 0.007
Schaefers [7] 1.510 0.085 1.205 0.091 1.110 0.140
Swamy  

and Ali [7]
1.015 0.106 1.110 0.106 1.355 0.106

Regan [7] 1.466 0.221 1.192 0.17 1.12 0.211
Tolf [7] 1.325 0.298 1.100 0.135 0.763 0.112
Ramdane [7] 1.509 0.334 1.179 0.195 1.181 0.210
Tomaszewicz [7] 1.518 0.187 1.067 0.080 1.192 0.274
Hallgren [7] 1.100 0.260 0.982 0.080 1.100 0.098
Olivera et al. [8] 1.194 0.079 1.054 0.050 0.910 0.080
Papanikolaou  

et al. [9]
1.958 0.287 1.723 0.179 1.477 0.173

Overall mean  
and standard  
deviation values

1.389 0.314 1.162 0.201 1.133 0.209
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5.4.2 � NLFEA Program Used for Verification

As discussed earlier, the behaviour of the flat slabs shown in Figs. 5.24, 5.25, and 
5.26 is investigated by means of 3D NLFEA. The NLFEA program used for this 
purpose is fully described elsewhere [6, 15, 16] and, therefore, its presentation is 
beyond the scope of the present discussion.
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Fig. 5.19   Variation of experimental values of load-carrying capacity normalized with respect to 
their counterparts predicted by the proposed criteria with the flexural reinforcement ratio ρ
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Fig. 5.20   Variation of experimental values of load-carrying capacity normalized with respect to 
their counterparts predicted by the proposed criteria with the concrete strength fc
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Due to two-fold symmetry only one-quarter of the slabs is analysed, with this por-
tion being discretized as shown in Fig. 5.27. Concrete is modelled by means of 27-node 
Lagrangian brick elements. Longitudinal and shear reinforcement is represented by 
3-node line elements of appropriate cross-sectional areas possessing axial stiffness only. 
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Fig. 5.21   Variation of experimental values of load-carrying capacity normalized with respect to their 
counterparts predicted by the proposed criteria with the yield stress of the flexural reinforcement fc
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Fig. 5.22   Variation of experimental values of load-carrying capacity normalized with respect to 
their counterparts predicted by the proposed criteria with the effective depth d of the slab
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The line elements used to model the steel reinforcement are not shown in the figure for 
clarity purposes; these elements are placed along consecutive nodes of the brick ele-
ments so as to maintain the amount and arrangement of various types of reinforcement 
per unit area equal to that of the slabs shown in Figs. 5.24, 5.25, and 5.26.

5.4.3 � Results of Analysis and Discussion

The verification of the analysis package used has formed the subject of previ-
ous publications [6, 15, 16]; for the purposes of the present discussion, however, 
it is considered essential to provide additional evidence of the package’s abil-
ity to yield realistic predictions of flat slab behaviour. Such evidence is provided 
in Fig.  5.28 which shows the load–displacement curves of two typical flat slabs 
(with and without shear reinforcement) with geometric characteristics and bound-
ary conditions similar to those of the slab used as the basis for investigating the 
validity of the proposed design method. The figure also shows the experimentally-
established values of load-carrying capacity, with the latter being also shown in 
Table  5.2 together with the slabs’ design details; full design and test details are 
provided elsewhere [17]. From both figure and table, it can be seen that the pre-
dicted values of load-carrying capacity correlate closely with their experimental 
counterparts, with the former being smaller than the latter by less than 5 %.

Having established the package’s ability to yield realistic predictions of slab 
behaviour, it is first used to establish the most effective spread (wr) of the shear 
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reinforcement specified by the proposed method across the slab-strip width. Three 
cases of wr are investigated: wr = wc + 2d = 800 mm, wr = wc + d = 600 mm, and 
wr = wc = 400 mm. The results obtained, expressed in the form of load–deflection 

Fig. 5.24   Design details 
of flat slab designed in 
accordance with proposed 
method
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Fig. 5.25   Design details of 
flat slab designed to ACI318 Locations of induced displacement

Locations of shear reinforcement; 67mm2@100
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relationships, are shown in Fig. 5.29. From the figure, it can be seen that distribut-
ing the shear reinforcement over a width wr = wc + d = 600 mm yields a small, 
yet distinct, increase in load-carrying capacity. It is proposed, therefore, to distribute 
the shear reinforcement specified by the proposed method across the slab strips to a 
distance (wc + d)/2 on either side of their axes of symmetry. This rule has been fol-
lowed thereafter when designing in accordance with the proposed method.

An indication of the effect of the amount and arrangement of the vertical rein-
forcement specified by the proposed and the code methods investigated herein 
is given in Fig.  5.30. The figure includes (a) the load–displacement relationship 
predicted for the control slab (slab without shear reinforcement), (b) the value of 
load-carrying capacity corresponding to flexural capacity assessed through the use 
of the yield line theory and used as the basis for the design of the shear reinforce-
ment, and (c) the value of the load corresponding to punching failure assessed 
through the use of the proposed expressions. From the figure, it can be seen that 
designing in accordance with the proposed method leads to a realistic prediction of 
the load-carrying capacity, since the predicted value is smaller than the value cor-
responding to flexural capacity by less than 9 %. In fact, this margin may even be 
smaller, as the latter value, as discussed above, has been assessed through the use 
of the yield line theory which is known to produce values that tend to overestimate 
load-carrying capacity. The value of load-carrying capacity predicted by analy-
sis for the control slab appears also to correlate closely with the value assessed 
through the use of expressions (5.3) and (5.4). On the other hand, designing the 
‘shear’ reinforcement in accordance with the code adopted methods leads to 

Fig. 5.26   Design details of 
flat slab designed to EC2 Locations of induced displacement

Locations of shear reinforcement; 53mm2@100

2000

400

9000

Dimensions in mm 

Total amount of reinforcement against punching:4*1272=5088 mm2
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analytical predictions of the load-carrying capacity which are considerably smaller 
than the design value.

It could be argued that such a difference in behaviour may be attributed to 
the considerably larger amount of shear reinforcement specified by the proposed 
method, which is approximately twice as large as that specified by the code meth-
ods. And yet, Fig.  5.31 indicates that an increase of the amount of shear rein-
forcement designed in compliance to code provisions to the level specified by the 
proposed method, but without changing its arrangement, is essentially ineffective. 
It appears from the above, therefore, that the superior performance of the slab 
designed in accordance with the proposed method should be predominantly attrib-
uted to the specified arrangement, rather than amount, of the shear reinforcement.

The beneficial effect of the reinforcement arrangement specified by the pro-
posed method is also demonstrated in Fig. 5.32. The figure shows the load–deflec-
tion curves of the slabs designed in compliance with the code specifications 
together with that of the slab designed in accordance with the proposed method 
modified (in the manner described in the preceding section) so as to allow for 
the contribution of concrete to the punching resistance of the slab. Although this 
modification results in a significant reduction of the amount of the shear reinforce-
ment to a level comparable to the code specified amount, the figure indicates that 
it leads to a considerable improvement of the slab load-carrying capacity when 
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Fig. 5.27   Finite-element mesh of flat slab investigated
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compared with the load-carrying capacity of the slabs designed to the code speci-
fications. However, the results also indicate that the contribution of concrete is not 
as effective as the contribution of the additional reinforcement specified when the 
contribution of concrete is ignored.

An indication of the validity of the concepts underlying the proposed 
method may be obtained by investigating whether the causes of punching do 
indeed relate with the transverse tensile stresses developing within the com-
pressive zone of the slab strips. This may be achieved by comparing the load–
deflection curve obtained for a slab with the shear reinforcement within the 
slab strips extending throughout the slab depth with that of the same slab with 
the same shear reinforcement but this time extending to half the slab depth, 
the latter being slightly larger than the compressive zone depth. Such a com-
parison is made in Fig.  5.33 which shows that placing shear reinforcement 
within the compressive zone only is sufficient for the slab to attain its design 

Table  5.2   Data for slabs and comparison between experimental and code predicted ultimate 
loads (Pu)

Slab ref. Dimensions mm Material  
properties mm

Main reinf Stirrups Pu, kN

d c a fc fy ρ × 10−3 mm2 Test Analysis
Test/
analysis

S2.1 200 250 2,400 24.2 657 8 – 603 583 1.03
S2.1s 195 250 2,400 24.9 501 8.2 2,513 894 848 1.05
S2.3/S2.4 200 250 2,400 25.4 668 3.4 – 489 490 1.00
S2.3s/S2.4s 198 250 2,400 24.7 671 3.4 1,256 552 545 1.01

Note d is the slab’s effective depth; c is side of the square loaded area; a is the slab span; ρ is the 
flexural steel-reinforcement ratio

Fig. 5.28   Analytical 
relationships between 
load and displacement 
for two typical slabs with 
(denoted as 1) and without 
(denoted as 0) conventional 
shear reinforcement and 
experimentally-established 
values (indicated with the 
prefix E) of load-carrying 
capacity for the cases of 
flexural reinforcement ratios 
equal to 0.34 and 0.8 %
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load-carrying capacity, thus confirming that the development of such tensile 
stresses is one of the underlying causes of punching.

An indication of the significance of the various types of shear reinforcement 
specified by the proposed method may be obtained through a comparison of the 
load–deflection curves shown in Fig.  5.34. From the figure, it can be seen that 
omitting either the horizontal compressive reinforcement (curve cfp-h) or the shear 
reinforcement in the region of the abrupt change in the path of the compressive 
force due to bending (curve cfp-v1) results in a small reduction of both the load-
carrying capacity and the maximum deflection of the slab. The loss of load-car-
rying capacity becomes significant when reducing the shear reinforcement of the 
slab strips (curve cfp-v2) to a nominal amount, and this is a further indication of 
the significance of such reinforcement in preventing failure due to the develop-
ment of transverse tensile stresses within the compressive zone. In fact, the slab 

Fig. 5.30   Analytical load–
displacement curves for a 
typical slab without (curve 
CON) and with the shear 
reinforcement designed in 
accordance with the proposed 
(curve CFP) and the ACI and 
EC2 methods. Load-carrying 
capacities assessed by the 
proposed method for the 
slab with and without shear 
reinforcement are indicated 
as CFP-D1 and CFP-D0, 
respectively
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Fig. 5.29   Analytical 
relationships between load 
and displacement for a 
typical slab with the shear 
reinforcement designed 
in accordance with the 
proposed method distributed 
at various widths (800, 600, 
and 400 mm) across the slab 
strips specified by the design 
method adopted
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behaviour without such reinforcement is similar to that of the slabs designed in 
compliance with the code provisions, as indicated by comparing the relevant load–
deflection curves in Figs. 5.30 and 5.34.

5.5 � Concluding Remarks

The failure criteria and methods of assessment of the transverse reinforcement 
proposed in Chaps. 3 and 4, respectively, for beams are also shown to be valid for 
the case of punching. Comparing the values of the punching capacity of flat slabs 
assessed through the use of the proposed criteria and those recommended by ACI 

Fig. 5.31   Analytically 
established relationships 
load–displacement curves 
for a typical slab with the 
shear reinforcement arranged 
in accordance with the ACI 
and EC2 methods in the 
amounts specified by the 
proposed (curves ACIx1.83 
and EC2x2.2) and the code 
methods (curves ACI and 
EC2)
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Fig. 5.32   Analytical 
relationships between load 
and displacement for a 
typical slab with the shear 
reinforcement designed in 
accordance with the ACI 
and EC2 and proposed 
(CFP) methods, as well 
as the proposed method 
modified so as to allow for 
the contribution of concrete 
to the slab resistance to 
punching (CFP-cc)
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and EC2 with a wide range of test data, shows that not only do the proposed crite-
ria produce a closer fit to the test data, but also provide a more realistic description 
of the causes of punching initiation and an indication of its location. Also, the dif-
ferent, in both arrangement and quantity, reinforcement assessed through the use 
of the proposed method is found by finite element analysis, in contrast with the 
code methods, to achieve the design aim for load-carrying capacity. Moreover, the 
effect of the various types of transverse reinforcement specified by the proposed 
method on slab behaviour, as established by the numerical testing, provides evi-
dence in support of the validity of the concepts underlying the proposed method.

Fig. 5.33   Analytical 
relationships between load 
and displacement for a 
typical slab with the shear 
reinforcement designed in 
accordance with the proposed 
method extending to either 
half (1/2) or the full (1) slab 
effective depth
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Fig. 5.34   Effect of the various types of shear reinforcement specified by the proposed method to 
the analytically established load–displacement relationships (Notation “cfp” indicates full compli-
ance with design method; “cfp-h” slab without compression reinforcement; “cfp-v1” without the 
vertical reinforcement specified for the region of abrupt change in the direction of the CFP; “cfp-
v2” with the amount of shear reinforcement specified for slab strips reduced to a nominal value)
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6.1 � Introduction

In this chapter, the method proposed in Chap. 4 for the design of simply supported 
beams is shown to be applicable, not only to structural-concrete members other 
than simply-supported beams, such as, for example, cantilevers, fixed-end beams 
and connections, but also to any form of structural configuration comprising 
beam-like elements.

6.2 � Structural Members Other than Simply-Supported 
Beams

6.2.1 � Physical Models

Examples of the use of the physical model of a simply-supported beam shown in 
Fig. 3.1 for modelling other types of structural concrete members are illustrated in 
Figs. 6.1, 6.2, 6.3, and 6.4.

Cantilevers. Figure  6.1 (bottom) shows that a cantilever, subjected to a point 
load near its free end, may be designed as a simply-supported beam under a single 
point load applied at its mid cross-section [see Fig. 6.1 (top)]. This is because the 
boundary conditions at the fixed end of the cantilever are similar to the conditions 
developing at the mid-span cross section of the simply-supported beam [see Fig. 6.1 
(middle)]. Similarly, a structural concrete wall under horizontal loading can also be 
designed through the use of the proposed methodology, since the wall may be visual-
ised as a vertically oriented cantilever beam. In fact, the application of the proposed 
methodology to the design of structural concrete walls has been found to yield safe 
and efficient design solutions, in spite of the considerably smaller amount of trans-
verse reinforcement required in comparison with that specified by current codes [1].

Chapter 6
Design of Structures Comprising  
Beam-Like Elements

M. D. Kotsovos, Compressive Force-Path Method, Engineering Materials,  
DOI: 10.1007/978-3-319-00488-4_6, © Springer International Publishing Switzerland 2014
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Fixed-end beams. Figure 6.2 depicts a reinforced concrete beam fixed at both ends, 
such as, for example, a beam coupling two structural walls. Such a beam, as for the 
case of the cantilever shown in Fig. 6.1, may also be designed through the use of the 
proposed methodology; the beam can be divided into two portions extending between 
the beam’s fixed ends and the point of contraflexure, each of them essentially function-
ing as a cantilever. In this case, however, the design method must be complemented 
so as to allow for the design of the connection of the two ‘cantilever’ beams. Since the 
internal forces at the location of a point of contraflexure are equivalent to those devel-
oping at a hinged support, the connection between the two ‘cantilevers’ at this location 
may be viewed as an internal support that can be modelled as a transverse tie, through 

Fig. 6.1   Use of physical 
model of a simply supported 
beam for modelling a 
cantilever (top simply-
supported beam; middle 
portion of the beam in top 
between support and mid-
span cross section; bottom 
cantilever beam)

x/2
Concrete tooth

Tension reinforcement

Concrete framex

d

Fig. 6.2   Beam exhibiting 
a point of contraflexure in 
a structure and illustration 
of an internal tie needed at 
contraflexure in order to 
prevent separation of the two 
ends of the member
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which the continuity of the beam is safeguarded. The notion of the internal support 
(being modelled as a transverse tie) implies that concrete at the location of point of 
contraflexure is subjected to the action of transverse tension, rather than shear [2].

In the absence of axial force (i.e. N  =  0), the model of the simply-supported 
beam in Fig. 6.1 (top) can be used for modelling the coupling beam in Fig. 6.2 as 
indicated in Fig.  6.3 (top). The latter figure shows that the physical model of the 
coupling beam comprises two cantilever beam models connected at the point of con-
traflexure, marked with “3” in the figure, by a transverse tie. Since concrete at loca-
tion 3 is only subjected to transverse tension, its strength may be assessed through 
the use of expression (3.8) which is proposed in Chap. 3 for assessing the maximum 
value of the transverse tension sustained at location 1, i.e. the location of the link of 
the horizontal and inclined elements of the beam model (see Fig. 6.3). It should be 
noted that any load in excess of that that can be sustained by concrete at location 3 
will cause the formation of a crack which, within the transverse tensile stress field 
prevailing in the region of this location, will extend in an unstable manner leading to 
immediate loss of load carrying capacity of the structural element [3, 4].

The effect of axial compression (N > 0) on the modelling of the beam in Fig. 6.2 
is depicted in Fig. 6.3 (bottom), the latter essentially describing the mechanism of 
load transfer within the beam at its ultimate limit state. The figure shows that con-
crete at location 3 is subjected to transverse direct tension which develops within 
a predominantly compressive state of inclined stress, as opposed to the predomi-
nantly tensile transverse stress conditions developing in this region when N = 0 [see 
Fig. 6.3 (top)]. In both cases, the presence of transverse tension will inevitably lead 
to cracking when concrete strength is exhausted at location 3; but, unlike the latter 
case which, as already discussed, is linked with unstable crack extension leading to 
structural collapse, in the former case, crack extension will change direction so as to 
follow the path of the inclined compression and this will cause a stable, rather than 
unstable, crack extension process which delays structural collapse [3, 4].

Fig. 6.3   Physical model of beam in Fig. 6.2 for the cases of N = 0 (top) and N ≠ 0 (bottom)

6.2  Structural Members Other than Simply-Supported Beams
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Beam-to-beam connection. Figure 6.3 (bottom) indicates the ‘transfer’ region 
through which the compressive force developing on account of bending combined 
with axial force is transferred from the right-hand side upper part of the beam to 
its left-hand side lower part. This transfer occurs along a path with a slope not 
smaller than about 1:2.5 (the latter being the slope of the inclined leg of the frame 
of the proposed model for simply-supported beams of type II behaviour discussed 
in Chap. 3) in a manner that will not violate the internal force conditions (i.e. the 
resultant of axial internal forces to be equal to N and bending moment equal to 
zero) developing at location 3 on account of the acting transverse and axial forces.

Graphical representations of the region of location 3 (internal support) for the 
cases of a length of this region a > 2.5d and a ≤ 2.5d are indicated in Figs. 6.4 
(top) and (bottom), respectively. From Fig.  6.4 (top), it can be seen that, for 
a  >  2.5d, the slope of the inclined compression is 1:2.5, with locations 1 form-
ing within the ‘transfer’ region on either side of location 3. Thus, in this case, the 
value of the transverse tension that can be sustained by concrete can be assessed as 
for type II behaviour through the use of expression (3.11).

On the other hand, when a  ≤  2.5d, the slope of the inclined compression is 
d:a ≤ 1/2.5. Such a slope is typical of type III behaviour and, therefore, the beam’s 
load-carrying capacity can be assessed as discussed discussed in (Sect. 3.3.3).

6.2.2 � Verification

It appears from the preceding section that the extension of the use of the model 
shown in Fig. 3.1 for the case of beam elements other than simply-supported 
requires the identification of the mechanism of the transfer of forces between 
successive beam-like elements. The mechanism proposed for this purpose in the 

Fig. 6.4   Schematic 
representation of path of 
inclined compression in 
the region of the point of 
contraflexure (location 3) for 
the cases of a > 2.5d (top) 
and a ≤ 2.5d (bottom)

a = 2.5d 

Predominantly compressive stress field

3 Location of point of contra-flexure

1 Location of “critical” transverse tension

Tension tie

a > 2.5d 

d 3 1 

a 2.5d 

d 3 

1

http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3


113

preceding section is verified in the following through a comparison of the mech-
anism’s predictions with experimental values. More specifically, experimental 
information obtained from the literature on the load-carrying capacity of structural 
members suffering failure in the region of a point of contraflexure is compared 
with its counterpart predicted by the proposed mechanism. Typical calculated and 
experimental values extracted from Ref. [5] are included in Tables 6.1 and 6.2. The 
tables include experimentally obtained values of load-carrying capacity expressed 
in the form of “shear” capacity (VEXP) and corresponding axial compression 
(NEXP), together with the values calculated from the proposed expressions (VPRE), 
also corresponding to NEXP. Examples of the application of the proposed method 
are provided in the following section for two typical cases included in Table 6.1. 
The values (VACI, VEC2) calculated through the use of the formulae incorporated in 
ACI318 [6] and EC2 [7] are also included in the tables for purposes of compari-
son. The tables also contain the geometric characteristics and material properties 
required for assessing the specimen load-carrying capacity, with full details of the 
specimens tested being provided in the relevant publications cited in the tables.

Table 6.1 includes the results obtained from tests on simply-supported portal frames 
subjected, along their girder, to ten uniformly distributed vertical point loads combined 
with axial compression caused by two equal and opposite loads exerted at the lower 
end of the frame columns [8]. A schematic representation of the portal frame is pro-
vided in Fig. 6.5 which also includes geometric characteristics (complementing those  
in Table 6.1) essential for the assessment of the frame load-carrying capacity. 

6.2  Structural Members Other than Simply-Supported Beams

H

Total vertical load = W 
b

hd

cW/2 cW/2

c= 0.17 for F-1 to F-4,F-12,F-15,F-16,F-18,F-21 to F-24
c=0.26 for F-17
c=0.33 for F-5 to F-8,F-13,F-14,F-19,F-20
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ρ(bottom)bd

L=1974.8 for F-1,F-2,F-5,F-6,F-12,F-13,F-15,F-16,F-21
L=2564.4 for F-18,F-19
L=3194 for F-3,F-4,F-7, F-8,F-14,F-17,F-20,F-22 to F-24

H=304.8 for F-13; H=381 for F-14; 
H=419.1 for F-19; H=431.8 for F-5,F-6 
H=546.1 for F-20; H=685.8 for F-1,F-2,
F-7,F-8,F-15 to F-17,F-21; H=836.2 for 
F-18; H=1092.2 for F-3,F-4,F-23 to F-24;
H= 1168.4 for F-12 

Beam
cross-section

Fig. 6.5   Schematic representation of portal frames including geometric characteristics essential 
for the assessment of their load-carrying capacity given in Table 6.1
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Table 6.1 indicates that the proposed expressions provide a close fit to the experimental 
values for types of behaviour II and III, and all values of N. In fact, the fit provided by 
the proposed expressions—developed, as already discussed in Chap. 3, from first prin-
ciple without the need of calibration through the use of experimental data—is closer 

Table  6.1   Calculated and experimental values of shear capacity of frames suffering failure 
within the region of the point of contra-flexure [8]

Spec ρ—% 
top/
bottom

fy MPa 
top/
bottom

fc MPa NEXP 
kN

VEXP 
kN

VACI 
kN

VACI/ 
VEXP

VEC2 
kN

VEC2/ 
VEXP

VPRE
kN

VPRE/ 
VEXP

Width (b) = 152.4 mm; height (h) = 304.8 mm; effective depth (d) = 254 mm; clear span 
length (l) = 1,828.8 mm

Non flexural failure

F-1 1.0/2.0 331/331 28.3 56 74 37 0.5 57 0.78 75 1.03
F-2 1.0/2.0 328/328 34.5 64 84 42 0.5 62 0.74 75 0,89
F-12 2.63/0.67 349/341 20.7 68 40 32 0.8 40 1 42 1.05
F-15 1.0/2.0 323/326 16.8 57 69 29 0.42 50 0.72 68 0.99
F-16 0.67/1.55 332/326 23.7 61 73 34 0.47 51 0.7 70 0.96
F-21 0.67/1.0 312/319 27.5 56 66 36 0.55 47 0.71 64 0.97
F-5 1.0/1.0 316/316 24.1 136 86 38 0.44 55 0.64 111 1.28
F-6 1.0/1.0 361/361 23.7 155 49 39 0.8 57 1.17 42 0.86
F-13 0.67/2 333/328 21.3 129 75 36 0.48 62 0.83 74 0.98
Mean values 0.55 0.81 1.00
Standard deviations 0.15 0.17 0.12
Width (b) = 152.4 mm; height (h) = 304.8 mm; effective depth (d) = 254 mm; clear span 
length (l) = 2,438.4 mm
F-18 1.0/2.0 321/323 25.5 44 52 35 0.67 54 1.04 40 0.77
F-19 1.0/2.0 318/323 21 95 57 34 0.6 58 1.01 34 0.73
Mean values 0.64 1.02 0.75
Standard deviations 0.05 0.02 0.03
Width (b) = 152.4 mm; height (h) = 304.8 mm; effective depth (d) = 254 mm; clear span 
length (l) = 3,048 mm
F-3 1.0/2.0 325/330 28.5 42 51 37 0.73 56 1.1 44 0.88
F-4 1.0/2.0 314/292 25.7 39 46 35 0.76 54 1.17 1.02
F-7 1.0/1.0 310/331 27.6 93 54 39 0.72 51 0.95 44 0.82
F-8 1.0/1.0 330/330 35.9 98 59 44 0.75 56 0.94 55 0.94
F-14 0.67/2.63 338/355 27.4 77 45 38 0.84 64 1.43 44 0.99
F-17 0.67/1.55 314/310 23 64 47 34 0.72 51 1.09 37 0.79
F-20 1.0/2.0 317/323 26.4 80 49 37 0.76 59 1.21 42 0.87
F-22 0.67/1.55 309/288 25.4 34 41 34 0.83 49 1.19 39 0.97
F-24 0.67/2.0 318/320 25.6 37 43 34 0.79 53 1.24 41 0.95
Mean value 0.77 1.15 0.91
Standard deviations 0.04 0.15 0.08
Mean value of all specimens 0.66 0.99 0.93
Standard deviations of all specimens 0.14 0.22 0.12
Flexural failure
F-23 0.67/1.0 323/321 22.8 31 37 35 0.99

http://dx.doi.org/10.1007/978-3-319-00488-4_3
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than that of the code formulae, which are empirical in nature and have been derived by 
regression analysis of experimental data, those of Tables 6.1 and 6.2 included.

The results shown in Table  6.2 are obtained from tests on beam-like elements 
subjected to the combined action of bending moment, shear force and axial com-
pression at both ends [9]. Unlike the girder of the portal frame in Fig. 6.5, the speci-
mens included web reinforcement; however, the quantity of such reinforcement 
1s significantly smaller than the code specified amount for safeguarding a flexural 

6.2  Structural Members Other than Simply-Supported Beams

Table 6.2   Calculated and experimental values of shear capacity of columns characterised by the 
formation of point of contra-flexure [9]

Spec ρvfyv 
MPa

Width 
mm

fc MPa NEXP 
kN

VEXP 
kN

VACI  
kN

VACI/ 
VEXP

VEC2 
kN

VEC2/ 
VEXP

VPRE 
kN

VPRE/ 
VEXP

Height, h = 365 mm (375 for PC-1,PC-2,PC-3); effective depth, d = 335 mm (345 for PC-1, 
PC-2, PC-3); ρ = 2.83 %; fy = 487 MPa; specimen length (l) = 1,310 mm

Non-flexural failure

PC-1 0.8 489 62.2 0 437 356 0.81 435 0.99 623 1.42
PC-2 0.8 489 62.2 3,452 863 657 0.76 750 0.87 715 0.83
PC-3 0.68 406 62.8 3,382 845 576 0.68 609 0.72 596 0.71
PC-4 0.72 375 83.1 0 401 212 0.53 338 0.84 478 1.19
PC-5 0.72 375 86.9 5,432 679 844 1.24 669 0.99 682 1.0
PC-6 0.72 375 86.9 2,657 668 559 0.84 669 1 536 0.8
PC-7 0.72 375 39.9 0 387 222 0.57 284 0.73 371 0.96
PC-8 0.72 375 42.4 1,986 497 369 0.74 448 0.9 438 0.88
PC-10 0.72 625 42.9 2,904 726 589 0.81 751 1.03 719 0.99
PC-11 0.72 625 44.9 4,130 754 690 0.91 769 1.02 813 1.08
PC-12 0.72 375 60 0 490 252 0.51 312 0.64 440 0.9
PC-13 0.72 375 60 2,720 680 484 0.71 539 0.79 524 0.78
PC-18 0.43 625 29.5 3,328 832 479 0.58 628 0.75 592 0.71
PC-20 0 625 47.3 4287 715 565 0.79 639 0.89 530 0.74
PC-21 0 625 47.3 3,071 767 473 0.62 639 0.83 447 0.58
PC-22 0.72 375 53.2 0 443 242 0.55 304 0.69 421 0.95
PC-23 0.72 375 53.2 1,808 603 388 0.64 504 0.84 464 0.77
PC-24 0.72 375 53.2 793 528 306 0.58 413 0.78 435 0.82
Mean values 0.72 0.85 0.9
Standard deviations 0.18 0.12 0.2
Flexural failure
PC-9 0.72 375 42.9 4,130 510 643 099
PC-14 0.72 375 64.5 5,486 686 637 0.93
PC-15 0.72 375 56.6 7,157 358 329 0.92
PC-16 2.9 375 56.6 3,780 945 644 0.68
PC-17 2.9 375 56.6 5,654 707 546 0.77
PC-19 0.43 625 29.5 6,006 751 665 0.89
Mean value 0.86
Standard deviations 0.12
Mean value of all specimens 0.89
Standard deviations of all specimens 0.18
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mode of failure. Moreover, the values of axial compression exerted on the specimens 
are significantly larger than those in Table 6.1 and cover the whole range of practi-
cal values. The comparison between calculated and experimental values shows that 
the proposed expressions produce conservative predictions of load-carrying capacity 
with the smallest deviation from the experimentally obtained values for the whole 
range of practical values of axial compression. Moreover, it is interesting to note in 
the table that this deviation is similar to that characterising the deviation of the pre-
dicted values of flexural capacity from those established by experiment.

6.2.3 � Typical Design Examples

Specimen PC-7 [9]. From Table  6.2, the geometric characteristics and material 
properties required for the calculation of the specimen’s “shear” capacity are as 
follows: b = 375 mm, d = 335 mm, h = 365 mm, l = 1,310 mm, fc = 39.9 MPa, 
ρvfyv = 0.72 MPa.

The physical model of the specimen according to the CFP theory is shown in 
Fig. 6.6. Failure occurs at location 3 where the transverse tension T(3) is partly sus-
tained by concrete (Tc) and partly by the transverse reinforcement (Ts) distributed over 
a length 2d = 670 mm symmetrically extending about the location of the point of con-
traflexure (see Sect. 6.2.1). Tc is obtained from expression 3.8,  with ft = 3.03 MPa 
being obtained from expression 3.2a. Hence, Tc = 0.5 × 3.03 × 375 × 335 × 10−3 = 
191 kN, whereas Ts = 2ρvfyvbd = 2 × 0.72 × 375 × 335 × 10−3 = 181 kN, with Ts 
being obtained from expression 4.1. Therefore, T(3) = Tc + Ts = 191 + 181 = 372 kN.

Since T(3) = Vcalc and Vexp = 387 kN, Vcalc/Vexp = 0.96.
It should be noted that each of the two portions of the specimen, on either side of 

the point of contra-flexure, are characterised by type III behaviour, since av = 1,310/
2 = 655 < 2.5d = 2.5 × 335 = 837.5 mm. The ‘shear’ capacity of these portions is 
calculated through the use of expression 3.14 and found equal to 600 kN, which is 
nearly as large as the value corresponding to flexural capacity.

Specimen PC-8 [9]. From Table 6.2, the geometric characteristics and material 
properties required for the calculation of the specimen’s “shear” capacity are as 
follows: b = 375 mm, d = 335 mm, h = 365 mm, l = 1,310 mm, fc = 42.4 MPa, 
ρvfyv = 0.72 MPa, ρ = 2.83 %.

The physical model of the specimen according to the CFP theory is shown in 
Fig. 6.7. The figure indicates that the length of the region through which the com-
pressive force is transferred from the upper to the lower compressive zone extends 

Fig. 6.6   Physical model of 
specimen PC-7 (in Table 6.2) 
according to the CFP theory
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http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_4
http://dx.doi.org/10.1007/978-3-319-00488-4_3
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throughout the length of the element and, hence, it is larger than 2.5d. In this case, 
as discussed in the preceding section, the slope of the inclined compression will be 
1:2.5, and, therefore, location 1 will move within the transfer region. For such a slope 
of inclined compression, the transverse tension sustained by concrete (Tc) at location 
1 can be calculated through the use of expression 3.11. Hence, replacing in expres-
sion (3.11) k =  (h − xo)/(h − xN) =  1.28 (where h =  365 mm; xo =  47.54 mm; 
xN = 117.27 mm), b = 375 mm, and d = 335 mm results in Tc = 257 kN. The trans-
verse tension sustained by the stirrups is Ts = 2ρvfyvbd = 2 × 0.72 × 375 × 335 × 1
0−3 = 181 kN. Therefore, T(1) = Tc + Ts = 257 + 181 = 438 kN.

Since T(1) = Vcalc and Vexp = 497 kN, Vcalc/Vexp = 0.88.
As for the case of specimen PC-7, the two portions of the specimen, on either side 

of the point of inflection, are characterised by type III behaviour, since av = 1,310/2 
= 655 < 2.5d = 2.5·335 = 837.5 mm and their ‘shear’ capacity is found equal to 600 
kN, which is nearly as large as the value corresponding to flexural capacity.

6.3 � Structural Configurations Comprising Beam-Like 
Elements

It becomes clear from Sect. 6.2 that a simply-supported beam may be viewed as 
any of the linear portions of a structural configuration such as, for example, the 
multi-storey frame depicted in Fig. 6.8, extending between consecutive points of 
zero bending moment (i.e. points corresponding to external simple supports or 
points of contraflexure). The figure shows that the frame essentially consists of 
four types of structural elements: columns extending between successive storeys 
(member A); beams spanning between successive columns (member B); beam-
column joints (member C); and footings (member D). The case of footings is simi-
lar to the case of flat slabs which has already been discussed in Chap. 5, whereas 
the case of the columns is similar to the case of the fixed-end beams which has 
also been discussed in detail in Sect. 6.2.1 by reference to Fig. 6.3 (bottom). As 
regards members B and C, these have been isolated from Fig.  6.8 and depicted 
separately in Figs. 6.9 and 6.10, respectively; in the latter case, the beam-column 
joint sub-assemblage includes the portions of the adjacent beam and column ele-
ments extending to the points of contraflexure closest to the joint.

As for the case of columns, the case of a fixed-end beam, such as member B, 
has been discussed in Sect. 6.2.1, where it has been shown that a coupling beam 
can be divided into two portions extending between the beam’s fixed ends and 

Fig. 6.7   Physical model of 
specimen PC-8 (in Table 6.2) 
according to the CFP theory
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6.2  Structural Members Other than Simply-Supported Beams
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the point of contraflexure, each of them essentially functioning as a cantilever. 
The link between the two ‘cantilevers’ at the point of contraflexure is viewed as 
an internal support that can modelled as a transverse tie. The fixed-end beam in 

Member B

Points of contraflexure

Tension tie

Predominantly compressive stress field

3 

3     Location of ‘internal support’

Physical Model

3 3 

3 

Bending moment diagram

Fig. 6.9   Modelling of member B of the multi-storey frame in Fig. 6.8

Fig. 6.8   Schematic representation of a multi-storey frame indicating two typical members: 
column (A), fixed-end beam (B), beam-column joint (C), and footing (D)

B 

C 

A 
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Fig. 6.9 (top) differs from that discussed in Sect. 6.2.1 in that it is subjected to a 
loading regime causing the formation of two points of contraflexure marked with 
“3” in Figs.  6.9 (middle) and 6.9 (bottom). Thus, the beam can be divided into 
three sub-elements: two cantilevers extending between each of the beam’s ends 
and location 3 closest to it, and a simply-supported beam spanning the distance 
between locations 3 (see Fig.  6.9 (middle). Then, following the reasoning dis-
cussed in Sect. 6.2.1, the beam is modelled as indicated in Fig. 6.9 (bottom).

Similarly, for the beam-column joint sub-assemblage shown in Fig.  6.10, the 
portions of the beam and column elements connected to the joint are modelled and 
designed as discussed in Sect. 6.2; therefore, there will be no further discussion on 
the modelling and design of linear elements in this chapter. In what follows, attention 
will be focused on the modelling and design of a beam-column joint, which is the 
only member of the multi-storey frame in Fig. 6.8 that has not as yet been discussed.

6.3  Structural Configurations Comprising Beam-Like Elements

Fig. 6.10   Modelling of 
member C of multi-storey 
frame in Fig. 6.8
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6.4 � Beam-Column Joints

6.4.1 � Mechanisms of Load Transfer

The development of most models proposed to date for the design of beam-column 
joints is based on assumed mechanisms describing the manner in which the joint 
resists the action of the forces transferred to it by the adjacent beam-column ele-
ments. The most common of such mechanisms are the diagonal strut (indicated 
in Fig.  6.11a) and the truss (indicated in Fig.  6.11b) mechanisms which, at the 
ultimate limit state, are usually assumed to act concurrently [10–14]. The former 
mechanism is considered to resist the combined action of the normal and shear 
forces transferred to the joint through its interface with the compressive zone of 
the beam and column elements, whereas the later resists the action of the bond 
forces developing at the interface between concrete and the portion of the longitu-
dinal beam and column reinforcement anchored within the joint.

The above mechanisms, which underlie the design model proposed by Park and 
Pauley [15] and adopted by the New Zealand code [16], have also been implic-
itly adopted by the current European codes EC2 [7] and EC8 [17] which specify 
means for safeguarding against shear failure of the joint occurring before the for-
mation of a plastic hinge in the region of the beam adjacent to it. The code specifi-
cations include the permissible value of the shear force at the joint mid height, the 
anchorage length of the beam and column longitudinal steel bars and the amount 
and arrangement of the transverse reinforcement of the joint.

However, the application of current European code provisions for the design 
of earthquake-resistant joints has been found not only to lead to reinforcement 

Fig. 6.11   Schematic representations of (a) diagonal strut and (b) truss mechanisms of joint resist-
ance [in (a): Cc, Cc’, Cc’’’, and Cc’’’’ are the compressive forces in concrete; Cs, Cs’, Cs’’, and Cs’’’ 
are the compressive forces in steel; and Vb, Vb’, Vc, Vc’’ are the shear forces with subscripts b and c 
indicating the interfaces with beam and column, respectively. In (b): Vsh and Vsv the bond forces at 
the concrete-longitudinal steel of the beam-joint and column-joint interfaces, respectively]
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congestion, and thus in difficulties in placing and compacting concrete, but also to 
design solutions not always satisfying the code performance requirements [18–22]. 
Attempts to improve design solutions have been primarily focussed on either the 
derivation of a more refined analytical description of the stress conditions linked 
with, or the implementation of modified versions of, the above mechanisms. In 
the following, only a limited number of such attempts are briefly discussed; they 
have been selected from the literature on the grounds that they differ from similar 
attempts in that they have produced design models which are expressed in a sim-
plified form suitable for practical applications.

6.4.2 � Design Models

A typical example of a design model resulting from the derivation of a more 
refined analytical description of the stress conditions related with the combined 
action of diagonal strut and truss mechanisms is the model proposed by Tsonos 
[14], which is, perhaps, the most suitable of such models for practical applica-
tions. A characteristic feature of this model is that it allows for the effect of the 
confinement provided by the transverse reinforcement on the compressive strength 
of concrete, the latter being directly linked with the load-carrying capacity of the 
diagonal strut; moreover, by expressing concrete strength as a function of the con-
finement provided by the transverse reinforcement, it allows the assessment of the 
transverse reinforcement required in order to adjust concrete strength so as to safe-
guard a predefined load-carrying capacity of the joint.

On the other hand, modified versions of the diagonal strut and truss mecha-
nisms expressed in the form of strut and tie models, such as, for example, those 
indicated in Figs. 6.12 and 6.13, underlie the development of the analytical model 
developed by Hwang et al. [22] and the empirical design formulae proposed by 
Vollum and Newman [23], respectively. The strut and tie model shown in Fig. 6.12 
has formed the basis for the development of an analytical approach which, through 
the use of a constitutive law for cracked reinforced concrete, satisfies both equilib-
rium and average strain compatibility conditions. However, the derived algorithm 
for assessing the joint shear capacity is complex and dependent on a large number 
of assumptions and empirical parameters for defining the geometric characteristics 
of the adopted strut and tie model, and this makes its application for the solution 
of common practical problems rather tedious. In fact, as pointed out by Vollum 
and Newman [23] and reiterated by Hegger et al. [24], the analysis and design of 
beam-column joints with strut and tie models are too complex owing to difficulties 
in determining node dimensions and the proportion of the shear force resisted by 
the stirrups. As a result, in their proposed simplified approach, the strut dimensions 
were established empirically from back analysis of selected test data and the valid-
ity of the resulting model (shown in Fig. 6.13) was demonstrated by analysing other 
test data; in fact, the model was found to predict joint shear strength more reliably 
than existing non-finite element methods and some finite-element techniques [23].

6.4  Beam-Column Joints
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More recently, in an attempt to identify the causes of the observed behaviour 
of beam-column joints, it was shown by experiment that the bond between con-
crete and the portion of the members’ flexural reinforcement anchored within the 
joint has an insignificant effect on both the crack pattern and the strength of the 
joint [25]. Moreover, it is realistic to expect that yielding of the flexural rein-
forcement of the beam and column members causes bond failure which extends 
deeply into the joint where the reinforcement is anchored and, as a result, the 

Fig. 6.12   Schematic representation 
of strut-and-tie model proposed  
by Hwang et al. [22]

strut

tie 

Fig. 6.13   Schematic 
representation of strut-and-tie 
model proposed by Vollum 
and Newman [23]
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largest part of the tensile forces sustained by the reinforcement is directly trans-
ferred at the opposite side of the joint as indicated in Fig. 6.14. Such behaviour 
precludes the development of a truss mechanism and thus it is only through the 
diagonal strut mechanism that the joint resists the action of the forces transferred 
to it from the adjacent beam and column members [25] as suggested in the early 
1980s [26].

The flow of the compressive stresses between the upper and lower diagonal 
ends of the joint is indicated by the compressive stress trajectories schematically 
represented in Fig.  6.14b. The figure also shows the tensile stress trajectories 
which intersect at right angles those of the compressive stresses. It is the flow of 
the compressive stresses that forms the diagonal strut which is confined between 
the regions of the cracked concrete surrounding the portion of the members’ flex-
ural reinforcement anchored into the joint (see also Fig.  6.14b); such cracking 
occurs under the action of the tensile forces which are transferred from steel to 
concrete and, as discussed earlier, eventually leads to loss of bond.

6.4  Beam-Column Joints

Fig. 6.14   a Forces acting at the interfaces of the joint with the beam and column elements and 
shear force Vjh at the horizontal cut at mid height of joint; b Compressive and tensile stresses tra-
jectories assumed to develop within the joint at its ultimate limit state; and c Deep beam analogy
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6.4.3 � Application of CFP Model

In view of the above the load-bearing behaviour of the joint can be directly compared 
with that of a deep beam, as suggested by Sarsam and Phipps [27] and Hegger et al. 
[24]; thus, the strength of the diagonal strut may be assessed by visualizing the joint 
in Fig. 6.14a as the shear span (av) of the deep beam under two-point loading shown 
in Fig. 6.14c as proposed by Kotsovou and Mouzakis [25]. For such beams, which, as 
discussed in Chap. 2, are essentially beams exhibiting type IV behaviour, the geometric 
characteristics of the diagonal strut may be simplified by assuming that the latter has a 
rectangular cross section (wj av/3, where wj is the beam width and av the shear span) 
as recommended elsewhere [28], with the verification of the above recommendation 
forming the subject of Ref. [29]. Adopting the aforementioned analogy for describ-
ing the load transfer within the joint (for which, as indicated in Fig. 6.15, av = zc) the 
design requirement for “rigid” beam-column joints is linked with the ability of the 
diagonal concrete strut to safeguard the flow of compressive stresses (induced by 
the forces indicated in Fig. 6.14b) between its upper and lower ends, without any sig-
nificant cracking of the strut occurring before the formation of a plastic hinge at the 
joint-beam interface. More specifically, it has been proposed that the flow of compres-
sive stresses is safeguarded when the strut has sufficient strength to sustain the action 
of the forces transferred to the joint from the beam and column elements, providing 
sufficient reinforcement is placed to sustain the tensile forces developing along the ten-
sile stress trajectories; this reinforcement will also contribute towards not only prevent-
ing the occurrence of excessive cracking, but, also, minimizing crack width [25].

6.4.4 � Proposed Design Procedure

The above reasoning has been implemented in design through the following 
design procedure [25], which is a refined version of the procedure described in 
Sect. 3.3.4:

As indicated in Fig. 6.14a, the resultant of the horizontal forces transferred to 
the upper side of the joint by the beam and column members is

where Asl,b is the total area of the beam top longitudinal reinforcement, Vc is the 
value of the shear force at the upper column-joint interface corresponding to the for-
mation of a plastic hinge at the beam-joint interface, and ‘1.2’ is a code specified 
factor for the enhancement of the tensile force sustained by the beam longitudinal 
steel reinforcement so as to minimize, if not eliminate, the deviation of the calcu-
lated code value of flexural capacity from its true counterpart. When flexural capac-
ity is assessed through the method proposed in Chap. 3, the ‘1.2’ factor is omitted.

The combined action of force Fjh with the compressive force (Cc) developing in 
the compressive zone of the upper column on account of bending and transferred to 

(6.1)Fjh = T − Vc = 1.2 Asl,bfy − Vc

http://dx.doi.org/10.1007/978-3-319-00488-4_2
http://dx.doi.org/10.1007/978-3-319-00488-4_3
http://dx.doi.org/10.1007/978-3-319-00488-4_3
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the joint is balanced by the compressive force Fj developing along the diagonal strut 
(see Fig. 6.15); the latter is obtained by considering the equilibrium of the horizontal 
component of the forces acting at the upper end of the diagonal strut, i.e.,

where α is the inclination of the diagonal strut shown in Fig. 6.15.
The value of Fj cannot be larger than the strength (FRj,max) of the diagonal strut 

under monotonic loading, i.e.,

where, as proposed elsewhere (2,18), FRj,max is obtained from expression

where hc is the column cross section height,
xc the depth of the column compressive zone depth,
zc = hc − xc, and
wj the joint width

It should be noted, however, that when xc  >  (hc −  xc)/3, then (hc −  xc)/3 in 
expression 6.4 is replaced with xc.

(6.2)Fj = Fjh/sina

(6.3)Fj ≤ FRj,max

(6.4)FRj,max = (zc/3)wjfc = [( hc − xc)/3] wjfc

Fig. 6.15   Diagonal strut and acting stress resultants

6.4  Beam-Column Joints
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However, due to the curved shape of the stress trajectories along which the 
compressive force developing within the diagonal strut is transferred from the 
upper left-hand side to the lower right-hand side of the joint, there is a tensile 
stress resultant developing across the diagonal strut at mid height of the joint. It 
has been suggested [25] that this tensile stress resultant may be obtained from

where b is the angle between the joint diagonal and the tangents at the ends of any 
of the two symmetrical (with respect to the joint diagonal) trajectories of the two 
compressive stress resultants, Fj/2, the latter acting at a distance equal to zc/12 
from joint diagonal on either side of it (see Fig. 6.15). Angle b is easily assessed by 
assuming that the tangents at the ends of the compressive-stress resultants’ trajecto-
ries intersect at a distance equal to zc/8 from joint diagonal (see Fig. 6.15).

The development of Tj is likely to cause cracking and, therefore, reinforce-
ment should be placed in order to sustain it when the tensile strength of concrete is 
exhausted. The amount of reinforcement, which may be either inclined (Asj,incl) or 
horizontal (Asj,h), required to sustain Tj is obtained from

As discussed earlier, the above reinforcement is also required because it con-
tributes towards preventing the occurrence of excessive cracking, as well as mini-
mizes crack width.

The force FRj,s that can be sustained along the diagonal strut when the trans-
verse reinforcement is at yield is obtained from expression

Therefore, the maximum design force that can be sustained by the diagonal strut is

6.4.5 � Verification of Design Method for Beam-Column Joints

Ideally, a beam-column joint should behave as a rigid body; as this, in reality, is 
not possible, the performance requirements of current codes are considered to be 
satisfied when the formation of a ‘plastic hinge’ in the beams adjacent to a joint 
occurs before the latter suffers significant cracking, i.e. cracking capable of hav-
ing a statistically measurable effect on structural behaviour. An investigation of the 
ability of the method proposed in the preceding section to satisfy the above perfor-
mance requirement has been based on the comparison of the structural behaviour 
predicted through the use of expressions 6.1–6.7 with its experimental counterpart 
reported in the literature for a wide range of beam-column joint sub-assemblages 
under cyclic loading [30]. The comparison has also included predictions of code 

(6.5)Tj = Fjtanb

(6.6)Asj,incl = Tj/fy

(6.7)Asj,h = Tj/
(

fycosa
)

(6.8)FRj.s = Tj/tanb

(6.9)Fjd ≤ min
(

FRj,max,FRj.s

)
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adopted formulae, such as those adopted by ACI318 [6] and EC2 [7]–EC8 [17],  
as well as the predictions of two widely referred to models of the behaviour of beam-
column joints (those proposed by Tsonos [14] and Vollum and Newman [23]), 
which, not only are they typical of those developed on the basis of the combined 
diagonal strut and truss mechanisms or strut-and tie models, but also expressed in 
a simple form suitable for practical structural design.

An indication of the results of the above comparative study is provided in 
Tables  6.3, 6.4, and 6.5 extracted from Ref. [30]. The tables include the predicted 
modes of failure and values of the joint capacity (VRj) together with their experimen-
tal counterparts obtained from the literature. The modes of failures are classified as 
either formation of a plastic hinge in the beam (BF) or excessive cracking of the joint 
(JF). BF is considered to preclude JF, since the latter may only occur after a loss of 
load-carrying capacity (due flexural capacity degradation) well beyond that allowed 
by current codes; on the other hand JF is considered to occur before, or concur-
rently with, BF [25], with concurrent occurrence of BF and JF (denoted as JF-BF) 
being considered as JF. Full design characteristics of the specimens can be found in 
the relevant publications cited in the tables. It should also be noted that the speci-
mens selected for the comparative study have been obtained from publications which 
provide experimental information clearly describing the specimen mode of failure. 
Moreover, specimens in which the anchorage details of the beam flexural bars sharply 
deviate from those adopted in current design practice have not been considered.

From Table 6.3, it can be seen that, for the 74 cases investigated, EC2 [7]–EC8 [17] 
produced 42 successful predictions of the specimens’ mode of failure, ACI318 [6] 32, 
the Vollum and Newman model [23] 41, the Tsonos model [14] 52, and the proposed 
method 72. It should also be noted that for specimens I and I-A tested by Hanson and 
Conner [31], EC2 [7]–EC8 [17] was unable to produce any predictions, since the 
axial load applied to the specimens was unrealistically high and outside the range of 
application of the code formulae. On the other hand, for specimens 2T5 and 1T55, 
the expressions proposed in the preceding section appear to underestimate, rather than 
overestimate, joint capacity by an amount of the order of 10 %. It would appear, there-
fore, that, unlike the other formulae, those proposed in the preceding section yield safe 
design solutions for all specimens investigated.

It is also interesting to note in Table 6.3 that, with the exception of the amount 
of transverse reinforcement specified by ACI318 [6] for specimens J0, JS, JX10, 
and JX12, the formulae proposed in the preceding section specify an amount of 
such reinforcement which is considerably less than the amount specified by either 
of the two codes considered. In fact, the amount specified by the proposed expres-
sions is usually less than half and, in certain cases, less than a quarter the code 
specified amount. It would appear, therefore, that the above expressions are capa-
ble of, not only safeguarding the code specified performance requirements, but, 
also, reducing considerably reinforcement congestion in the joint.

Table 6.4 contains information extracted from Table 6.3; this information includes 
only the formulae predictions and the experimental data for the specimens character-
ized by excessive cracking of the joint (JF). From the table, it can be seen that, of the 37 
cases included in the Table, the formulae adopted by EC2 [7]–EC8 [17] and ACI318 [6] 

6.4  Beam-Column Joints
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successfully predict the mode of failure in 27 and 18, respectively, cases, whereas those 
proposed by Vollum and Newman [23] and Tsonos [14] successfully predict the mode 
of failure in 7 and 30, respectively, cases; in the remainder, joint capacity is overesti-
mated, since failure due to the formation of a plastic hinge at the beam-joint interface 
is predicted to occur before the joint capacity is exhausted. In fact, EC2 [7]–EC8 [17] 
is found to overestimate joint capacity in cases for which the existing amount of trans-
verse reinforcement is either less (specimens S3, S4 and S5) or more (specimens 3B, S1 
and S2) than the code specified value, with ACI318 [6] producing similar predictions, 
but, always in cases where the amount of the existing transverse reinforcement is more 
than the code specified value. On the other hand, the formulae proposed in the preced-
ing section successfully predict the mode of failure in all 37 cases included in Table 6.4.

Table  6.5 provides an indication of the closeness with which the expressions 
investigated predict joint capacity. The latter is expressed in a non-dimensional form 
by dividing the predicted values with their experimental counterparts. As regards 
the EC2 [7]–EC8 [17] and the ACI [6] predictions of joint failure due to excessive 
cracking, it is interesting to note in the table that, with the exception of specimens 
E1 and G1 for the case of EC2 [7]–EC8 [17], the predicted behaviour is based on the 
codes’ requirement for a specific amount of transverse reinforcement which is not 
fulfilled. Moreover, as the code adopted formulae for joint capacity do not allow for 
the effect of transverse reinforcement, the assessment of joint capacity through the 
use of the existing reinforcement is not possible in this case. On the other hand, for 
the small number of cases for which the formulae proposed by Vollum and Newman 
[23] successfully predict joint failure due to excessive cracking, the mean value of 
the predicted joint capacity is only slightly smaller than its experimental counterpart, 
whereas that predicted by the formulae proposed by Tsonos [14] underestimates 
the experimental value by about 25 %; in the latter case, however, the mean value 
is obtained from a significantly larger number of successful predictions. Finally, in 
contrast with the formulae already discussed, those proposed in the preceding sec-
tion are found to produce realistic predictions in all cases investigated, with their 
mean value underestimating joint capacity by an amount of the order of 20 %.

It appears from the above, therefore, that the Kotsovou and Mouzakis [25] and 
the Tsonos formulae [14] produce by far the better predictions of joint behaviour 
as regards to both the mode of failure and the deviation of the predicted from the 
experimentally-established joint capacity. Of the above formulae, the former are 
found the most effective for the cases investigated and this is considered to primar-
ily reflect the validity of the assumption underlying the derivation of the formulae 
that the diagonal strut is the sole mechanism of force transfer.

6.5 � Concluding Remarks

Any structural configuration comprising beam-column elements can be visu-
alised as an assemblage of simply supported beams (extending between con-
secutive points of zero bending moments) or cantilevers (extending between a 
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Table 6.5   Comparison of predicted joint strength with published experimental information

Specimen des-
ignation (total 
no of speci-
mens: 26)

Joint Strength—VjRh (kN); experimentally established joint strength—Vj,exp (kN);  
lack of specified transverse reinforcement—lstr; without transverse 
reinforcement—wtr

EC2–EC8 ACI 318 Vollume and 
Newman Tsonos

Kotsovou and 
Mouzakis

VjRh/Vj,exp

Kurose [33]
S41 lstr lstr – 0.73 0.84
S42 lstr – – 0.83 0.99
U41L lstr lstr – 0.78 0.83
Eshani and Wight [20]
1B lstr lstr 0.88 0.63 0.68
2B lstr lstr 0.94 0.63 0.76
3B – lstr – 0.82 0,89
5B lstr – 0.89 0.58 0.68
Eshani and Alameddine [33]
HL8 lstr lstr – 0.78 0.98
HH8 lstr – – 0.86 0.99
Tsonos et al. [21]
S6 lstr lstr 0.91 0.58 0.72
S6’ lstr lstr – 0.72 0.72
X6 lstr – 0.87 0.53 0.56
Chutarat and Aboutaha [34]
I lstr – – 0.99 0.78
Hwang et al. [22]
0T0 lstr wtr – – –
3T3 lstr lstr – – 0.92
2T4 lstr lstr – – 0.76
1T44 lstr lstr – – 0.76
Karagiannis et al. [35]
J0 wtr wtr – 0.87 –
JS lstr – – 0.86 0.56
Karagiannis et al. [36]
B1 lstr lstr – 0.85 0.58
Chalioris et al. [37]
JB-S1 lstr lstr – 0.85 0.57
JCa-X10 lstr lstr – 0.44 1
JCa-S1 lstr lstr – 0.73 1
JCa-S1-X10 lstr lstr – 0.73 1
JCa-S2 – – – 0.86 1
JCb-X10 lstr lstr – 0.46 1
JCb-S1 lstr lstr – 0.72 0.97
JCb-S1-X10 – – – 0.72 1
JCb-S2 lstr lstr – 0.85 1
JCb-S2-X10 – – – 0.85 1
Tsonos [38]
E1 0.59 – – 0.69 0.7

6.5 � Concluding Remarks
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beam-column joint and its adjacent point of zero bending moment). The stress 
conditions in the region of a beam-to-beam or a column-to-column connec-
tion resemble those developing at the adjacent ends of beam or column elements 
where the one suspends from the other through the development of a transverse 
tie, whereas a beam-to-column connection functions as a diagonal strut developing 
within the common portion of the intersecting beam and column elements.

In the absence of axial force, a beam-to-beam or a column-to-column connec-
tion fails when the strength of the transverse tie is exhausted; on the other hand, in 
the presence of axial compression, failure is linked with the change in the path of 
the compressive force through the joint in a manner similar to that for the cases of 
beam behaviour of types II and III, as discussed in Chaps. 3 and 4.

For the case of a beam-to-column connection, the strength of the diagonal strut 
may be assessed as for the case of beam behaviour of type IV; however, in this 
case, the provision of transverse reinforcement is essential in order to prevent 
excessive cracking and progressive loss of load-carrying capacity in the case of 
load reversals induced by seismic loading.
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7.1 � Introduction

From both practical experience and published experimental evidence, it becomes 
clear that the methods adopted by current codes for the design of earthquake-
resistant RC structures have two significant shortcomings: Not only do they lead 
to reinforcement congestion which may cause difficulties in concreting and often 
incomplete compaction [1], but, also, in spite of the large amount of reinforcement 
specified, they have been found unable to always prevent the brittle types of failure 
which they are widely considered to safeguard against [2].

This chapter presents experimental evidence which shows that the application 
of the methods proposed in Chaps. 3, 4, 5 and 6 for designing earthquake-resistant 
RC structures can minimize, if not eliminate, the above shortcomings. This evi-
dence has been obtained from published work on the behaviour of structural mem-
bers such as beam-column elements [3], structural walls [1], and beam-column 
joint sub-assemblages [4].

7.2 � Beam-Column Elements

The structural performance requirements of current codes, which an RC beam or 
column must comply with, include safeguarding a specified load-carrying capacity 
and adequate ductility (i.e. ability of sustaining post-peak displacements at least 
as large as a specified multiple of the displacement at yield). In order to safeguard 
solutions that satisfy the latter of the above requirements, current codes for the 
design of earthquake-resistant RC structures specify additional amounts of stirrup 
reinforcement in regions (under the action of the largest bending moment com-
bined with the largest shear force) classified as ‘critical’ [5]. And yet, not only 
does the provision of such reinforcement lead to reinforcement congestion [1], but 
also its inclusion has been found insufficient to safeguard the code specified struc-
tural performance [2].
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The application of the proposed method for the earthquake-resistant design of 
beam-column elements has formed the subject of a number of publications [3, 6–8]. 
The work reported is experimental and describes the results obtained from tests on 
specimens under load mimicking seismic action. The results discussed in what fol-
lows are extracted from Ref.  [3] and are typical of those presented in the above 
publications where full details of the work carried out can be found.

7.2.1 � Experimental Details

The specimens investigated are simply-supported beam-column elements such 
as that shown in Fig.  7.1, the latter also showing the specimens’ cross-sectional 
characteristics, the load arrangement and the relevant bending-moment and shear-
force diagrams. It is interesting to note in the figure that portions AB and BC of 
the structural element are subjected to internal actions similar to those of the por-
tion of a column between its point of contraflexure (inflection) and one of its ends. 
From the geometric characteristics of the above portions indicated in the figure, 
the values of av/d for portions AB and BC are approximately equal to 3.5.

From Fig. 7.1, it can be seen that the specimens have a span of 1,950 mm and 
a 300  mm high  ×  150  mm wide cross section. The longitudinal reinforcement 
comprises deformed 14 mm diameter bars with average values of yield stress and 
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strength fy = 540 MPa and fu = 640 MPa, respectively. The stirrups are made from 
6  mm diameter mild steel bars with a yield stress fyv =  300  MPa. The uniaxial 
cylinder compressive strength of concrete at the time of testing of the specimens is 
fc = 60 MPa at an age of around one year.

The specimens are subjected to sequential loading comprising axial (N) and 
transverse (P) components, as indicated in Fig. 7.1. The axial load is applied first; 
it increases to a predefined value N ≈  aNu =  afcbh (where Nu is the maximum 
value of N that can be sustained by the specimen in concentric compression, b and 
h the cross-sectional dimensions (width and height, respectively), whereas the val-
ues of a selected for the tests are 0, 0.15, 0.2 and 0.25), where it is maintained 
constant during the subsequent application of P. The latter force is applied at mid 
span in a cyclic manner inducing progressively increasing displacements in oppo-
site directions as shown in Fig. 7.2. Full details of the experimental set up used for 
the tests are provided elsewhere [3].

7.2.2 � Specimen Design

For purposes of comparison two of the specimens are designed in compliance with 
EC2 [9] and EC8 [5] and the remainder in accordance with the proposed method, 
with all safety factors being taken equal to 1. In all cases, it is assumed that load-
carrying capacity is reached when the mid cross-section of the specimens attains 
its flexural capacity, the latter condition being referred to henceforth as plastic-
hinge formation. Flexural capacity, denoted as Mf, is calculated as described in 
Sect. 3.3.1 for a value of N ≈ abhfc, with a, as discussed earlier, obtaining values 
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equal to 0, 0.15, 0.2 and 0.25 corresponding to values of N equal to 0, 400, 500 
and 675 kN, respectively. Henceforth, the above structural elements are referred to 
by using a two-part denomination arranged in sequence to denote whether they are 
designed in accordance with the proposed (CFP) or the code (EC) method and the 
value of N (0, 400, 500, and 675) applied.

Using Mf, the specimen’s load-carrying capacity Pf  =  4Mf/L (where L the 
specimen’s span) and, hence, the corresponding shear force Vf  =  Pf/2 is easily 
calculated. The values of Mf and Pf for each of the specimens tested are given in 
Table 7.1 together with the experimentally-established values of the load-carrying 
capacity Pexp. The table also includes the values of bending moment My and load 
Py which correspond at the yielding of the cross sections; the latter values are used 
as discussed later in order to assess the ductility factor μ of the specimens tested.

The transverse reinforcement (stirrups) of the specimens is designed either in 
accordance with the CFP method or in compliance with the earthquake-resistant 
design clauses of EC2 and EC8. The calculated values of the spacing of the 6 mm 
diameter bars used to form the stirrup reinforcement are given in Table 7.2, whereas 
the location of the stirrups indicated in the table is shown in Fig. 7.3.

From Table 7.2, it is interesting to note the densely spaced stirrups within the 
“critical region” (which, as shown in Fig.  7.3, extends to a distance of 300 mm 

Table 7.1   Calculated values of bending moment My and corresponding force Py at yield, flex-
ural capacity Mf and corresponding load-carrying capacity Pf, and experimentally-established 
values of load-carrying capacity Pexp

Specimens Design method N (kN) My (kNm) Py (kN) Mf (kNm) Pf (kN) Pexp (kN)

CFP-0 CFP 0 40.5 83.1 46.7 95.7 102.5
EC-0 EC 0 40.5 83.1 46.7 95.7 100.0
CFP-400 CFP 400 85.0 174.3 91.8 188.3 203.4
EC-400 EC 400 85.0 174.3 91.8 188.3 201.4
CFP-500 CFP 500 88.5 181.5 101.0 207.1 224.4
CFP-675 CFP 675 90.0 184.6 118.0 242.1 264.7

Table 7.2   Spacing of 6 mm diameter stirrups

Spacing (mm)

Specimen Critical region (see Fig. 7.3) Region 1a

CFP-0 65 140
EC-0 75 150
CFP-400 75 95
EC-400 50 110
CFP-500 80 85
EC-500b 30 100
CFP-675 85 75
EC-675b 15 90

aFor the CFP specimens, the stirrups required in region 1 are only placed within a length equal to 
2d extending symmetrically about location 1 in Fig. 3.7 (location of change in CFP)
bSpecimens not manufactured due unrealistically small spacing of stirrups within critical region

http://dx.doi.org/10.1007/978-3-319-00488-4_3


145

on either side of the mid span cross section) specified by the Codes in order to 
provide confinement to concrete. Such spacing [resulting from expressions 5.15 in 
EC8 (clause 5.4.3.2.2)] is considered to safeguard ductile specimen behaviour. It 
should be noted, however, that, for the specimens investigated, expressions  5.15 
results in an applicable stirrup spacing of the order of 50 mm only for the speci-
mens subjected to an axial force N = 400 kN; in all other cases, they resulted in 
unrealistically small values (significantly smaller than 50 mm). As a result, only 
two of the specimens tested are designed in compliance with the code provisions: 
one subjected to the combined action of cyclic transverse loading and a constant 
N = 400 kN and the other subjected only to cyclic transverse loading, with the lat-
ter one having stirrup spacing equal to b/2 = 75 mm, which is the maximum code 
specified value [see expression 5.18 in EC8 (clause 5.4.3.2.2(11)].

As discussed in Sect. 4.3.1, in contrast with the code reasoning behind the cal-
culation of the stirrups within the critical regions, the CFP method specifies a sig-
nificantly smaller amount of such reinforcement not for providing confinement to 
concrete, but in order to sustain the transverse tensile stresses developing within 
the compressive zone as a result of stress redistribution due to the loss of bond 
between concrete and the flexural reinforcement in the regions of the shear span 
subjected to the largest bending moment.

On the other hand, within the remainder of the shear spans, transverse rein-
forcement designed in compliance with the code requirements (see clauses 6.2 and 
9.5.3 in EC2) is considered to prevent shear failure of the specimens before their 
flexural capacity is exhausted. This reasoning is also in conflict with that under-
lying the design of the transverse reinforcement in accordance with the proposed 
method: in the latter case, as discussed in Sect.  4.3.1, transverse reinforcement 
is designed to sustain the tensile force developing in the region of change in the 
direction of the path of the compressive force developing on account of bending.

7.2.3 � Results of Tests

The main results of the work are given in Figs. 7.4, 7.5, 7.6, 7.7 and Tables 7.1 and 
7.3. Figures 7.4, 7.5 7.6 show the results obtained in the form of load–deflection 
curves. The load–deflection curves in Figs.  7.4 and 7.5 describe the specimens’ 

Fig. 7.3   Regions of 
transverse reinforcement 
indicated in Table 7.2
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hysteretic behaviour under loading cycles to displacement values correspond-
ing to particular ductility ratios for the cases of N = 0 (a = 0) and N = 400 kN 
(a = 0.15), respectively; moreover, for comparison purposes, the figures include 
the results obtained both for the specimens designed in compliance with the code 
requirements and for those designed in accordance with the proposed design 
method. On the other hand, Fig.  7.6a–d show the full load–deflection curves of 
the specimens designed in accordance with the CFP method and tested under 
the combined action of cyclic transverse loading and a constant axial force 
equal to N = 0 kN (a = 0), N = 400 kN (a = 0.15), N = 500 kN (a = 0.2) and 
N = 675 kN (a = 0.25). Typical modes of failure of the specimens are shown in 
Fig. 7.7 and, finally, the experimentally established values of load-carrying capac-
ity are given in Table 7.1, whereas Table 7.3 includes the assessed (as described 
below) values of the deflection at nominal yield (δyn), the measured values of the 
maximum sustained deflection (δsust) and the values of the ductility ratio at the 
hysteretic loops corresponding to the maximum sustained displacement (μsust).

Figure  7.6a–d also include the location of the nominal yield point used for 
assessing the specimen ductility ratio μsust. The location of this point is deter-
mined as follows:

(a)	 The section bending moment at yield, My (assessed by assuming that yielding 
occurs when either the concrete strain at the extreme compressive fibre attains 

Fig. 7.4   Hysteretic behaviour of specimens CFP-0 and EC-0 under cyclic loading corresponding 
to ductility ratios μ = 0.8, 2.00, 2.79, and 3.99
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a value of 0.002 or the tension reinforcement yields), and the section flexural 
capacity, Mf, are first calculated.

(b)	 Using the values of My and Mf derived in (a), the corresponding values of the trans-
verse load at yield, Py = My/av, and at flexural capacity, Pf = Mf/av, are obtained 
from the equilibrium equations, with av (= 0.975 m) being the distance of the point 
of application of the applied load from the nearest support (see Fig. 7.1).

(c)	 In Fig.  7.6a–d, lines are drawn through the points of the load–displacement 
curves at P =  0 and P = Py. These lines are extended to the load level Pf, 
which is considered to define the nominal yield point, and corresponds 
to displacement δyn, the later being used to calculate the ductility ratios 
μsust = δsust/δyn in Table 7.3.

7.2.4 � Discussion of the Results

Figures 7.4 and 7.5 indicate that, for the N = 0 and N = 400 kN, the hysteretic 
response of both types of specimens investigated is almost identical. It appears, 
therefore, that the significantly denser stirrup spacing specified by the codes within 

Fig.  7.5   Hysteretic behaviour of specimens CFP-400 and EC-400 under cyclic loading corre-
sponding to ductility ratios μ = 0.9, 2.0, 3.0, and 3.4
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Fig. 7.6   Load-deflection curves of specimens designed in accordance with the proposed method 
under cyclic loading combined with an axial force equal to (a) 0, (b) 400 kN, (c) 500 kN, and 
(d) 675 kN

Fig. 7.7   Typical failure modes of the specimens tested under cyclic loading combined with  
(a) N = 0 and (b) N ≠ 0

Table  7.3   Values of displacements at nominal yield (δyn), maximum sustained displacements 
(δsust) and corresponding ductility ratio (μsust) at maximum sustained displacement

Specimen δyn (mm) δsust (mm) μsust

CFP-0 7.14 32.07 4.5
EC-0 7.14 26.3 3.6
CFP-400 6.8 23.27 3.4
EC-400 6.8 23.27 3.4
CFP-500 6.4 23 3.6
CFP-675 5.1 20.06 4
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the critical lengths of the specimens, when also subjected to the action of an axial 
load, does not lead to an improvement in structural behaviour other than, perhaps, 
a slight reduction in the rate of loss of load-carrying capacity during the last cycles 
of loading to the displacement that leads to failure of both types of specimens. It 
should be noted that, for the case of N = 400 kN, both specimens fail due to out of 
plane displacements induced by asymmetric cracking (with respect to the longitu-
dinal plane of symmetry of the specimens) combined, perhaps, with an unintended 
out of plane eccentricity of the applied axial load.

Figure  7.6a–d indicate that all specimens designed in accordance with the 
proposed method sustained maximum displacements corresponding to values of 
the ductility ratio of the order of 4; these values are significantly larger than the 
value of 2 specified by EC8 for high ductility determinate RC structural members 
[see clauses 5.2.2.1 and 5.2.3.4(3) and Table  5.1 of EC8]. It appears, therefore, 
that, when N ≠ 0, the likelihood of P-δ effects due to out of plane displacements 
(induced, as discussed earlier, by asymmetric cracking of the specimens combined 
with a possible unintended out of plane eccentricity of N) does not have any prac-
tical effect on safeguarding the code specified limiting values for ductility.

A comparison of the calculated values of load-carrying capacity of the speci-
mens tested under cyclic loading with their experimentally-established counter-
parts (see Table 7.1) indicates that the calculated values consistently underestimate 
the experimentally-established ones by about 8  %. Both values of load-carrying 
capacity correspond to a flexural mode of failure, with the calculation of the flex-
ural capacity Mf being based on the assumption that the steel stress after yielding 
remains constant and equal to the yield stress fy. The validity of this assumption is 
subsequently verified through a comparison of the calculated values of the steel 
strains with the maximum value of the yield plateau of the experimentally-estab-
lished stress–strain curves of the steel used, which shows that the former value 
is smaller than the latter. It appears, therefore, that ignoring the steel hardening 
properties of the steel is not the main cause of the above deviation, as usually sug-
gested (EC8) and discussed in Sect. 3.3.1.

Finally, from Fig.  7.7 it can be seen that all specimens exhibited a flexural 
mode of failure. It should be noted, however, that the spalling of concrete at the 
side face of the specimens subjected to an axial compressive force is due to the 
out of plane bending (discussed earlier) which precedes the loss of load-carrying 
capacity. On the other hand, for the specimens subjected only to cyclic loading, 
the flexural mode of failure is also characterised by extensive bond failure along 
both the top and bottom longitudinal reinforcement.

7.2.5 � Concluding Remarks

Designing in accordance with the proposed method leads to significant savings in 
stirrup reinforcement without compromising the code requirements for structural 
performance. In fact, the code specified stirrup reinforcement can be impractical 
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as it leads to reinforcement congestion in the critical lengths when the axial force 
exceeds a certain threshold, which, for the specimens investigated, is around 
N = 0.2 Nu.

More specifically, for values of the axial force N up to 0.15  Nu, structural 
behaviour is found independent of the method of design adopted, whereas all 
specimens designed in accordance with the proposed method exhibit a flexural 
mode of failure and ductility significantly larger than the code specified value.

7.3 � Structural Walls

Current code (e.g. EC2 [9], EC8 [5]) provisions for the earthquake-resistant design 
of reinforced-concrete (RC) structural walls (SW) specify reinforcement arrange-
ments comprising two parts: One part forming “concealed column (CC)” elements 
(usually extending between the ground and first floor levels of buildings) along the 
two vertical edges of the walls; the other consisting of a set of grids of uniformly 
distributed vertical and horizontal bars, within the wall web, arranged in parallel 
to the wall large side faces. The CC elements are intended to impart to the walls 
the code specified ductility, whereas the wall web is designed against the occur-
rence of “shear” failure, before the wall flexural capacity is exhausted. The spec-
ified ductility is considered to be achieved by confining concrete within the CC 
elements through the use of a dense stirrup arrangement—thus increasing both the 
strength and the strain capacity of the material; on the other hand, shear failure is 
mainly prevented by providing horizontal web reinforcement capable of sustaining 
either the whole or the portion of the shear force in excess of that that can be sus-
tained by concrete alone. It is also important to add that the calculation of the wall 
flexural capacity allows for the contribution of all vertical reinforcement, within 
both the CC elements and the web.

The above design procedure, however, has a significant drawback: the dense 
spacing of the stirrups often results in reinforcement congestion within the CC ele-
ments and this may cause difficulties in concreting and, possibly, incomplete com-
paction of the concrete. Recently published work has shown that reinforcement 
congestion within the CC elements can be prevented without lowering the load-
carrying capacity and the ductility (current code procedures are considered to safe-
guard against) by designing the walls in accordance with the proposed method [1, 
10]. The work is experimental in nature and based on a comparison of the results 
obtained from tests on walls designed in accordance with current code provisions 
for the earthquake-resistant design of RC structures with those obtained from tests 
on walls with the same geometry and flexural reinforcement, but with transverse 
reinforcement designed in accordance with the proposed method. The work out-
lined in the following is extracted from Ref. [1] where full details may be found 
regarding the case of walls of type II behaviour. The case of walls of type III behav-
iour forms the subject of Ref. [10] where the conclusions drawn are in agreement 
with those drawn for the case of type II walls discussed in what follows.
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7.3.1 � Experimental Details

The structural walls investigated are designated by using a three part name, with 
the first part indicating the method of design (EC or CFP), the second the diam-
eter (10 or 12  mm) of the longitudinal (flexural) bars, and the third the type of 
loading (monotonic M or cyclic C). The total number of walls tested is eight, and 
their design details are shown in Figs. 7.8 and 7.9 for the walls designed in accord-
ance with the code provisions and the CFP method, respectively. The figures indi-
cate that all walls have a length l = 700 mm, a height h = 1,700 mm and width 
b = 100 mm. The longitudinal reinforcement comprises eight pairs of steel bars 
with a 10 or 12 mm diameter, 100 mm centre-to-centre spacing, and a distance of 
a bar’s centre from the wall face closest to it equal to 25 mm.

In contrast with the longitudinal reinforcement, the amount and arrange-
ment of the horizontal reinforcement placed in the walls depends on the method 
of design employed. For all walls designed in compliance with the EC2 and EC8 
provisions, the horizontal reinforcement comprises 8  mm diameter stirrups at a 
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centre-to-centre spacing of 30 mm within the CC elements extending throughout 
the specimen height,. On the other hand, for the specimens designed in accordance 
with the CFP method, the stirrups have a 6 mm diameter and a centre-to-centre 
spacing of 75 or 40 mm for the walls with a 10 or 12 mm longitudinal bar diam-
eter, respectively, and extend to a distance from the wall lower end equal to about 
500 mm. For all walls, the web horizontal reinforcement comprises a pair of 8 mm 
diameter bars at a centre-to-centre spacing of 200 mm. The strength characteristics 
of both concrete and steel reinforcement are given in Table 7.4.

The walls are subjected to two types of horizontal loading applied along the 
horizontal axis of symmetry of the rigid prismatic element monolithically con-
nected to the walls at their top face (see Figs. 7.8 and 7.9):

(a)	 Static load monotonically increasing to failure;
(b)	 Static cyclic loading applied in the form of horizontal displacements vary-

ing between extreme predefined values, initially equal to  ±10  mm and 
increasing in steps of 10  mm thereafter until failure of the specimens. 
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Three load cycles are carried out for each of the above predefined values 
with a displacement rate of 0.25 mm/s.

Full details of the experimental set up used for the tests are provided elsewhere [1].

7.3.2 � Design

The walls are designed so that their load-carrying capacity is reached when their base 
cross-section attains its flexural capacity, the latter condition being referred to hence-
forth as plastic-hinge formation. Flexural capacity, denoted as Mf, is calculated as 
described in Sect.  3.3.1, allowing for the contribution of all vertical reinforcement, 
both within the CC elements and within the web and assuming material safety factors 
equal to 1. Using Mf, the wall load-carrying capacity Pf (and, hence, the correspond-
ing shear force Vf = Pf) is easily calculated from static equilibrium. The values of Mf 
and Vf = Pf for each of the specimens tested are given in Table 7.5 together with the 
experimentally-established values of the load-carrying capacity Pexp. The table also 
includes the values of bending moment My and load Py which correspond at the yield-
ing of the flexural reinforcement closest to the tensile face of the walls; the latter val-
ues are used in order to assess the ductility ratio of the specimens tested.

As mentioned earlier, the horizontal reinforcement of the walls is designed 
either in compliance with the clauses of EC2 and EC8 for the design of earth-
quake-resistant RC structures or in accordance with the CFP method. It is inter-
esting to note in Fig.  7.8 the densely spaced stirrups confining the CC elements 
within the “critical regions” (extending throughout the wall height) specified 
by the Codes. Such spacing [resulting from expressions  5.20 in EC8 (clause 
5.4.3.2.2)] is considered to safeguard ductile wall behaviour. As discussed in 
Sect. 4.3.1, in contrast with the code reasoning behind the calculation of the stir-
rups within the CC elements, the CFP method specifies a significantly smaller 
amount of such reinforcement only for case of walls of type II behaviour, not for 
providing confinement to concrete, but in order to sustain the transverse tensile 

Table 7.4   Strength characteristics of concrete and steel reinforcement

Specimens fc D6 D8 D10 D12

fy fu fy fu fy fu fy fu
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

CFP-10-M 25 395 482 563 667 555 655 – –
EC-10-M 25 – – 563 731 555 655 – –
CFP-10-C 35 395 482 563 667 621 697 – –
EC-10-C 32 – – 563 667 555 655 – –
CFP-12-M 29 395 482 563 667 – – 554 678
EC-12-M 29 – – 563 667 – – 554 661
CFP-12-C 25 574 634 563 731 – – 554 661
EC-12-C 25 – – 563 667 – – 554 661

7.3  Structural Walls
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stresses developing within the compressive zone as a result of stress redistribution 
due to the loss of bond between concrete and the flexural reinforcement at the base 
of the walls. (It should be noted that the walls in Figs. 7.8 and 7.9 are indeed of 
type II behaviour, since, for shear span av = 1,800 mm and cross-sectional depth 
(i.e. distance of the resultant of the forces sustained by the flexural tension rein-
forcement from the extreme compressive fibre) d ≈ 450 mm, av/d ≈ 4 > 2.5. On 
the other hand, as discussed in Sect. 4.3.2 for the case of type III behaviour, the 
CFP method does not recognize the need for additional transverse reinforcement 
within the critical regions.

As regards the horizontal web reinforcement, that designed in compliance with 
the code requirements (see clauses 6.2 and 9.6 in EC2) is considered to prevent 
shear failure of the walls before their flexural capacity is exhausted. This reason-
ing is also in conflict with that underlying the design of the horizontal reinforce-
ment within the wall web in accordance with the CFP method: in the latter case, 
as regards type II behaviour, horizontal reinforcement is designed so as to sustain 
the tensile force developing in the region of change in the direction of the path of 
the compressive force developing due to the bending action (see Sect. 4.3.1); as 
regards type III behaviour, such reinforcement is designed to sustain the horizontal 
force required to develop in order to produce additional flexural resistance, which, 
when added to the bending moment corresponding to the wall’s load-carrying 
capacity in the absence of horizontal reinforcement, the resulting bending moment 
equals the flexural capacity of the wall’s cross section (see Sect. 4.3.2).

7.3.3 � Results

The main results of the work are given in Figs.  7.10, 7.11, 7.12, 7.13, 7.14, 7.15. 
Figures 7.10 and 7.11 show the load–deflection curves obtained under statically-applied 
monotonic loading, whereas the load–deflection curves obtained under statically-
applied cyclic loading are shown in Figs. 7.12 and 7.13. Finally, typical modes of failure 
of the walls under monotonic and cyclic loading are shown in Figs. 7.14 and 7.15.

Table 7.5   Calculated values of bending moment My and corresponding force Py at yield, flex-
ural capacity Mf and corresponding load-carrying capacity Pf, experimentally-established values 
of load-carrying capacity Pexp and ductility ratio μexp

 My (kNm) Py (kN) Mf (kNm) Pf (kN) Pexp (kN) μexp 

CFP-10-M 133 74 241 134 150 3.9
EC-10-M 133 74 241 134 148 3.9
CFP-10-C 135 75 241 134 141(+)/112(−) 3.3
EC-10-C 150 83 257 143 136(+)/114(−) 3.4
CFP-12-M 185 103 300 167 188 3.6
EC-12-M 185 103 300 167 182 3.6
CFP-12-C 184 102 300 167 171(+)/154(−) 2.25
EC-12-C 184 102 300 167 166(+)/150(−) 2.25

http://dx.doi.org/10.1007/978-3-319-00488-4_4
http://dx.doi.org/10.1007/978-3-319-00488-4_4
http://dx.doi.org/10.1007/978-3-319-00488-4_4
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Fig. 7.10   Load-deflection 
curves for walls  
CFP-10-M and EC-10-M 
under monotonic loading

Fig. 7.11   Load-deflection 
curves for walls  
CFP-12-M and EC-12-M 
under monotonic loading

Fig. 7.12   Load-deflection 
curves for walls CFP-10-C 
and EC-10-C under cyclic 
loading

7.3  Structural Walls
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7.3.4 � Discussion of Results

Monotonic loading
As indicated in Figs.  7.10 and 7.11, in spite of the differences in reinforcement 
arrangement, the two types of walls investigated exhibit similar behaviour under 
monotonic loading: Walls CFP-10-M and CFP-12-M exhibit a slightly larger load- 
carrying capacity and stiffness than those of walls EC-10-M and EC-12-M, respec-
tively, with all walls exhibiting similar values of maximum displacement. Also, 
all walls exhibit a similar mode of failure in that the loss of load-carrying capacity 
is preceded by failure of the compressive zone at the wall base (see Fig. 7.14). Such 

Fig. 7.13   Load-deflection curves for walls CFP-12-C and EC-12-C under cyclic loading

Fig.  7.14   Typical failure mode of walls under monotonic loading with the location of failure 
indicated in a magnified form at the bottom
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behaviour clearly demonstrates that, under this type of loading, any amount of rein-
forcement larger than that specified by the CFP method is essentially ineffective.

Figures 7.10 and 7.11 also show the location of the point of nominal yield used 
for assessing the specimen ductility ratio. The location of this point is determined 
as discussed in Sect. 7.2.3 for the case of beam-column elements.

It is evident that all monotonically loaded specimens exhibit ductile behaviour. 
In fact, Table 7.5 indicates that the average value of the ductility ratio (μexp) of the 
specimens is nearly 4.

Cyclic loading
Figures 7.12 and 7.13 indicate that, as for the case of the monotonic loading, both 
types of walls exhibit similar behaviour, with walls CFP-10-C and CFP-12-C 
being characterised by a slightly larger load-carrying capacity in spite of the sig-
nificantly less amount of stirrup reinforcement within the CC elements. On the 
other hand, as indicated in Figs. 7.14 and 7.15, the failure mode (crushing of the 
compressive zone at the base of the walls) is found to be independent of the load-
ing regime imposed. It is interesting to note, however, that this mode of failure 
marks the start of an abrupt loss of load-carrying capacity in all cases investigated.

7.3.5 � Concluding Remarks

Designing in accordance with the CFP method leads to significant savings in hori-
zontal reinforcement without compromising the code performance requirements.

More specifically, the amount of stirrup reinforcement specified by the CFP 
method is significantly lower than that specified by current codes; moreover, such 

Fig. 7.15   Typical failure mode of walls under cyclic loading with the location of failure indi-
cated in a magnified form at the bottom

7.3  Structural Walls
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reinforcement is placed within a portion of the concealed-column elements extend-
ing to just over one-third of the wall height, as compared with the full element 
height recommended by the codes. In contrast with the case of the stirrups, the 
amount of horizontal web reinforcement specified by the CFP method is similar to 
the code specified amount for the structural walls investigated.

7.4 � Beam-Column Joints

The results presented in the following provide an indication of the behaviour, 
under simulated seismic loading, of beam-column joints designed in accordance 
with the proposed method. They have been extracted from Ref. [4], where full 
details of the work can be found, and their discussion complements the discussion 
in Sect. 6.4.3.

7.4.1 � Experimental Details

The structural forms investigated are eight full-size beam-column joint sub-
assemblages schematically represented in Fig.  7.16. The linear elements (beam 
and columns) of these sub-assemblages represent the portion of the elements 
between the joint and the nearest point of contraflexure (point of zero bending 
moment). As indicated in the figure, the specimens are pin-supported at the end 
of the lower column and simply-supported at the beam end; they are subjected 
to horizontal displacement of the free end of the upper column, with the distance 
between the displacement point and the pin support being 3.00 m symmetrically 

Fig. 7.16   Schematic 
representation of specimens 
investigated

http://dx.doi.org/10.1007/978-3-319-00488-4_6
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extending about the longitudinal axis of the beam, whereas the distance between 
the simple support and the longitudinal axis of the column is 1.2 m. Full details 
of the experimental set up and the measuring techniques employed are provided 
in Ref. [4].

The design details of four of the specimens tested, denoted as S1, S2, S2′, 
and S5, are shown in Fig. 7.17a–c. The mean value of the cylinder compres-
sive strength of concrete at the time of testing is fc  =  35  MPa, whereas the 
stress–strain characteristics of the steel reinforcement used are indicated in 
Table  7.6. For all specimens, the beam and column elements are designed in 
compliance with the provisions of EC2 and EC8 for high ductility members 

7.4  Beam-Column Joints

Fig. 7.17   Design details of specimens (a) S1, (b) S2 and S2′, (c) S5, (d) S6, (e) S9, (f) S10, (g) 
S11 and (h) steel plates of two rows of longitudinal beam reinforcement (dimensions in mm)
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Fig. 7.17  (Continued)

Table 7.6   Stress-strain properties of steel reinforcement used for the specimens

Diameter Yield stress fy (MPa) Strength fu (MPa) Normalized stress–strain curve for 
steel bars

Φ8 633 729

sy1= fy /Es 

1.5% sy2 3%

fs

fu 

fy 

s 

(fs s)

sy2sy1

Φ10 587 714
Φ12 571 686
Φ14 563 678
Φ20 560 670
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(HDC). The joint transverse reinforcement in specimens S1, S2 and S2′ is also 
designed in accordance with the European Codes (EC2, EC8) by extending the 
column stirrups through the joint, with the beams’ longitudinal bars of speci-
men S1 being anchored as specified by the codes, whereas those of specimens 
S2, S2′ and S5 are welded on to steel plates placed at the free face of the joint. 
On the other hand, for specimen S5, the joint is reinforced with diagonal rein-
forcement by extending the column longitudinal bars (between the corner bars) 
diagonally within the joint as indicated in Fig.  7.17c, rather than by placing 
additional reinforcement as opted elsewhere [6.28]; in this case, the amount 
of joint stirrup reinforcement is reduced to 25 % of that for specimens S1, S2, 
S2′, with the use of inclined reinforcement not adding to reinforcement con-
gestion in the joint as it is formed from the column longitudinal bars.

The design details of the remaining four specimens denoted as S6, S9, S10, 
and S11 are indicated in Fig. 7.17d–g. The joints of all specimens are designed as 
described in Sect. 6.4.4. The resulting amount of reinforcement is placed either in 
the form of inclined bars, evenly distributed across the joint width by extending 
the column longitudinal bars (between the corner bars) diagonally into the joint, 
or in the form of horizontal stirrups placed between the tensile and compression 
longitudinal bars of the beam.

For specimens S5, S9 and S10, the beam longitudinal bars are welded onto 
steel plates as for specimens S2, S2′ and S5 (see Fig. 7.17h), whereas for speci-
men S11 the beam longitudinal reinforcement is anchored within the joint as for 
specimen S1. The joint shear reinforcement of specimens S9 and S11 consists of 
three four-legged 10 mm diameter stirrups, whereas specimens S6 and S10 are 
reinforced with diagonal reinforcement as for specimen S5, with the joint stirrup 
reinforcement of specimen S6 being reduced to 42  % of that of specimens S9 
and S11.

With the exception of specimen S2′ which is subjected to monotonic loading, 
all other specimens are subjected to cyclic loading applied in the form of horizon-
tal displacements varying between extreme predefined values equal to 0.5δy, 1.0δy, 
1.5δy, 2.0δy, 2.5δy, and 3.0δy, where δy is the horizontal displacement of the load 
point at yield of the specimen. Three load cycles are carried out for each of the 
above predefined values with a loading rate of 0.25 mm/s.

Displacement δy is assessed from the load–displacement curve established 
for specimen S2′ under monotonic loading by assuming that yield occurs when 
the applied load attains a value equal to 0.7Pu (where Pu is the experimentally-
established load-carrying capacity) and it is found to be equal to approximately 
50 mm [5]. The displacement δy for specimen S10 is assumed to be half that of 
specimen S2′ (i.e. 25 mm), since its beam longitudinal reinforcement is reduced 
to half.

The test is terminated when the residual load-carrying capacity of the speci-
men reduced below 85 % Pu (EC8) within the first cycle of cyclic-load sequence 
at a predefined displacement value (where Pu is the specimen load-carrying 
capacity).

7.4  Beam-Column Joints

http://dx.doi.org/10.1007/978-3-319-00488-4_6


162 7  Earthquake-Resistant Design

7.4.2 � Results

Full results of the tests may be found in Ref. [4]. Herein, the results presented 
are load–displacement curves and crack patterns of the specimens tested at various 
stages of the induced displacement. Both loads and displacements of the cyclic 
loading tests are expressed in a non-dimensional form; they are normalized with 

Fig. 7.19   Crack pattern of specimens S6, S9, S10 and S11 at failure

Fig. 7.18   Crack pattern of specimens S1, S2 and S5 at failure
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respect to the load-carrying capacity (Pfb) and displacement at yield (δy), respec-
tively, the latter being defined in a preceding section and the former is the calcu-
lated value corresponding to the flexural capacity of the beam.

The failure modes of all specimens at the end of the test are shown in 
Figs. 7.18 and 7.19, whereas Figs. 7.20 and 7.21 show the crack patterns of two 
typical specimens with end plates, specimens S2 and S6, respectively, at the 

Fig. 7.20   Crack pattern of specimens S2 at the end of the cyclic stages at maximum displace-
ments equal to (a) 25 mm, (b) 50 mm, (c) 75 mm, (d) 100 mm, (e) 125 mm, and (f) 150 mm

7.4  Beam-Column Joints
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end of each of the cyclic stages of the loading regime. The full non-dimensional 
load–displacement curves for all specimens tested under cyclic loading are pre-
sented in Figs. 7.22 and 7.23.

Finally, Table 7.7 provides the calculated values of the load (Pfb) corresponding 
to the formation of plastic hinges in the beam, as well as to the calculated values of 
the acting shear force (Vjh) and shear capacity of the joint according to EC8 (VRjh) 
and the proposed method (FRjh), with the safety factors being taken equal to 1. The 
table also includes the experimentally-established values of load-carrying capacity 
for all specimens tested together with an indication of their experimentally estab-
lished and predicted modes of failure.

Fig. 7.21   Crack pattern of specimens S6 at the end of the cyclic stages at maximum displace-
ments equal to (a) 25 mm, (b) 50 mm, (c) 75 mm, (d) 100 mm, (e) 125 mm, and (f) 150 mm
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Fig. 7.22   Non-dimensional load–displacement curves for specimens: a S1, b S2, and c S5 under 
cyclic loading

Fig. 7.23   Non-dimensional load–displacement curves for specimens: a S6, b S9, c S10, and d 
S11 under cyclic loading
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7.4.3 � Discussion of Results

A major requirement of the seismic design of RC structures concerning beam– 
column joints is to minimize the likelihood of shear failure of the joint before the 
formation of a plastic hinge in the beam or column regions adjacent to the joint, 
with plastic hinge formation in the beam preceding plastic hinge formation in the 
column. However, for specimens S1, S2 and S5, the wide flexural cracks devel-
oped in the beam does not appear to have prevented significant diagonal cracking 
of the joint (see Fig. 7.18), the condition of which is found to deteriorate with each 
load cycle (see Fig. 7.20). On the other hand, the failure mode of specimens S6, 
S9, S10 and S11 involves the formation of a plastic hinge in the beam, as indicated 
by the formation of wide flexural cracks and spalling of the concrete cover to both 
the longitudinal and the transverse reinforcement (see Fig. 7.19), with the joints 
suffering significantly less cracking which, once it forms, remains essentially 
unchanged throughout the duration of the test (see Fig. 7.21).

From the results included in Table 7.7 for specimens S1, S2 and S5, it appears 
that EC8 overestimates the shear capacity of the joint, since the specimens fail 
before, rather than after, the formation of a plastic hinge in the beam, the latter 
corresponding to a value of 716  kN for the acting shear force which is signifi-
cantly smaller than the code predicted value of 1,040 kN for the joint shear capac-
ity. On the other hand, the proposed method correctly predicts failure of the joint 
to occur before the formation of a plastic hinge in the beam, since the value of 

Table 7.7   Calculated and experimental load-carrying capacity of specimens tested

Specimen Pfb (kN) Vfjh (kN) EC8 Proposed method PEXP (kN) Experimental 
failure modeVRjh (kN) FM FRjh (kN) FM

S1 116 716 1,040 BF 539 JF 99–107 JF
S2 116 716 1,040 BF 539 JF 106–115 JF
S3 116 716 1,040 BF 539 JF 95–115 JF
S4 116 716 1,040 BF 539 JF 102–113 JF
S5 115 717 1,040 BF 538 JF 109–122 JF
S6 110 722 1,965 BF 1,291 BF 108–118 BF
S7 111 721 1,965 BF 1,291 BF 108–127 BF
S8 111 721 1,965 BF 1,291 BF 109–123 BF
S9 111 721 1,965 BF 1,291 BF 113–120 BF
S10 61 355 1,040 BF 532 BF 59–64 BF
S11 111 722 1,965 BF 1,291 BF 115–119 BF

Pfb calculated load-carrying capacity corresponding to flexural capacity of the beam
Vfjh calculated joint shear force corresponding to flexural capacity of the beam
VRjh calculated joint shear capacity according to EC8
FRjh calculated joint shear capacity according to proposed method
FM mode of failure
BF formation of plastic hinge in the beam
JF extensive cracking in the joint
PEXP experimentally established load-carrying capacity of specimens
For all calculated values safety factors are set equal to 1
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539 kN predicted for the joint shear capacity is smaller than the acting shear force 
of 716 kN corresponding to the formation of a plastic hinge in the beam.

As regards specimens S6, S9 and S11, Table  7.7 indicates that the method 
adopted for calculating the joint shear strength achieves its purpose, since failure 
of the joints is prevented in all cases. It may also be of interest to note in the table 
that the calculated values of the specimens’ load-carrying capacities correspond-
ing to the formation of a plastic hinge in the beam only slightly underestimate the 
experimentally established values by a value ranging between 1 and 5 %.

It is interesting to note that for the joints of specimens S5 and S10, which 
have the same geometrical characteristics and arrangement of reinforcement 
(see Fig.  7.17c–f), the joint shear strength in accordance with the Eurocodes 
is about 1,040  kN, whereas the value accessed through the use of the proposed 
method is approximately equal to 538  kN, i.e. a little more than half the code 
value. However, as indicated in Table  7.7, the experimentally established values 
of the load-carrying capacity of the specimens designed in accordance with the 
code provisions are smaller than the values corresponding to the formation of a 
plastic hinge in the beam, whereas the value (717 kN) of the acting shear forces 
corresponding to the formation of a plastic hinge in the beam is larger than the 
value (539 kN) predicted by the proposed method. This explains the inability of 
the joints of specimens S1, S2 and S5 with a 300 mm width to sustain the forces 
induced to them by the beam and column elements of specimens. It appears, there-
fore, that failure of the joint could be prevented either by increasing its width or 
by reducing the forces transferred to the joint by the beam and column elements 
through a reduction of the longitudinal reinforcement.

In order to prove this point the following modifications are implemented to 
specimens S6, S9 and S11: as discussed earlier, the column and the joint width is 
increased to 400 mm, while for specimen S10 the beam longitudinal reinforcement 
is reduced to half that of specimens S1, S2 and S5. In fact, from Fig. 7.19 it can 
be seen that all four specimens satisfy the performance requirements under cyclic 
loading; the formation of the plastic hinge in the region of the beam adjacent to 
the joint occurs before any significant distress of the joint.

Figures 7.22 and 7.23 show the load–displacement curves under cyclic loading 
for specimens S1, S2 and S5 and S6, S9, S10 and S11, respectively. The progres-
sive cracking of specimens S1, S2 and S5 with each load cycle leads to a reduc-
tion in stiffness, with the cracking of the joint being the underlying cause of the 
“pinching” effect characterising the load–displacement curves of the specimens, 
whereas the reduction in stiffness of specimens S6, S9, S10 and S11 appears to be 
due to the cracking of the beam.

From a more detailed comparison of the load–displacement curves presented in 
Ref. [4], specimens S2, S5, S6, S9, and S10, whose beam longitudinal reinforce-
ment is welded onto steel plates at the free side of the joint, are found to behave 
better than specimen S1 and S11 whose beam longitudinal bars are bent near the 
free end of the joint in the manner specified by the EC2 and EC8. The beneficial 
effect of the end plates is apparent also in the cases in which the code performance 
requirements are not achieved [4]. This beneficial effect has been attributed to the 
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more uniform distribution of the compressive force achieved through the use of an 
end plate, which enables the development of a wider compressive strut in the joint, 
thus leading to an increase in the joint load-carrying capacity.

Moreover, as shown in Fig.  7.17c–d and f, the transverse reinforcement of 
specimens S5, S6 and S10 is aligned diagonally within the joint and consists of 
six 12 mm diameter bars for specimens S5 and S10 and of eight 14 mm diameter 
bars for specimen S6. For specimens S5, the stirrup joint reinforcement is 75  % 
less than that of specimen S2, whereas, for specimen S6 is 80 % less than that of 
specimen S9. It is apparent from Fig. 7.22b–c that the hysteretic loops of specimen 
S5 are characterised by a significantly less pronounced pinching than specimen S2, 
although the later suffers a smaller loss of load-carrying capacity in the last loop of 
the cyclic loads at a normalised displacement equal to 3.5. In fact, such an improve-
ment in behaviour occurs in spite of the significant reduction of the stirrup reinforce-
ment in the joint to nearly 25 % the amount specified by EC2 and EC8.

It appears from the above that the amount of horizontal stirrups specified by EC8 
for designing earthquake-resistant joints, not only is found incapable to fulfil its pur-
pose, but also results in steel congestion in the joint which causes many difficulties in 
placing and compacting concrete; on the other hand, for the specimens investigated, 
the proposed method for calculating joint shear reinforcement results in 73 % less joint 
stirrup reinforcement and yet achieves the code requirements for structural perfor-
mance. Moreover, the inclined bars, which are not additionally placed in the joint, but 
form part of the column longitudinal reinforcement, are more effective than the hori-
zontal stirrups, since they are placed at nearly right angles to the direction of cracking.

Finally, it should be reminded that the verification of the proposed method for 
designing beam-column joints has also been based on a comparative study of the pre-
dicted behaviour with its counterpart established from test results reported in the liter-
ature; this comparative study forms the subject of Sect. 6.4.5 of the preceding chapter.

7.4.4 � Concluding Remarks

The provisions of EC2 and EC8 are not found capable of preventing significant diago-
nal cracking of the joint before the formation of a plastic hinge in the beam element. 
In fact, specimen S1, which is designed in compliance with the codes, is found to suf-
fer significant cracking in the joint; this leads to a progressive loss of joint stiffness 
before the beam element suffering any apparent loss in load-carrying capacity.

The code recommended methods are also found unable to provide a realistic 
assessment of the joint shear capacity which appears to be overestimated. This 
may have been one of the main causes of the significant cracking and loss of stiff-
ness suffered by the joints of the specimens discussed.

The amount of horizontal stirrups specified by EC8 for designing earthquake-
resistant joints results in steel congestion; the latter causes many difficulties in 
placing and compacting concrete. And yet, as discussed earlier, the structural per-
formance code requirements are not achieved.

http://dx.doi.org/10.1007/978-3-319-00488-4_6
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The method proposed for calculating the joint shear strength is found capa-
ble of giving a realistic assessment of the joint strength. The specimens designed 
according to the proposed method fulfil the code requirements for structural per-
formance. Their failure mode involves the formation of a plastic hinge in the 
beam, as indicated by the formation of wide flexural cracks and spalling of the 
concrete cover to both longitudinal and transverse reinforcement, with the joints 
suffering significantly less cracking which, once it forms, remains essentially 
unchanged throughout the duration of the test.

The use of steel plates for anchoring the beam’s longitudinal reinforcement is 
found to improve specimen behaviour as regards both load-carrying capacity and 
stiffness.

The proposed method for calculating joint shear reinforcement results in up to 
73 % less joint stirrup reinforcement than the code specified amount, without any 
compromise in the code requirements for structural performance.

For the specimens with steel plates for anchoring the beam’s longitudinal rein-
forcement, the use of inclined bars instead of horizontal stirrups in the joint, leads 
to an improvement of structural behaviour. Such an improvement is achieved in 
spite of the use of much less stirrups reinforcement.

7.5 � Points of Contraflexure

As discussed in Sect. 1.5, a common type of damage of RC buildings is the unex-
pected brittle failure suffered by columns at the location of the points of contra-
flexure during the 1997 earthquake that occurred in Athens [2]. Similar types of 
failure, which cannot be attributed to either non-compliance with code provisions 
or defective work [2], are reported to have been suffered by the vertical, rather 
than the horizontal, elements of RC structures, not only during severe earthquakes 
that have occurred throughout the world over the last 15 years [11, 12], but, also, 
under static loading conditions [13].

The above types of failure are not taken into consideration by the methods adopted 
by current codes of practice for the design of RC structures, invariably based on the 
truss analogy (TA) [14]. As discussed in Sect. 6.2.1, the proposed method, in con-
trast with design based on the TA, recognizes the location of the point of contraflex-
ure as one of the potential locations of weakness of linear structural members. In fact, 
the causes of this type of failure have been investigated by experiment by reproduc-
ing them under controlled laboratory conditions [15–18]. The investigation has been 
based on a comparative study of current code predictions with the results obtained 
from test on linear structural concrete members subjected to the combined action 
of axial and transverse forces. The specimens have been designed, on the one hand, 
from first principles using the TA (as applied by ACI and EC2, EC8) and, on the other 
hand, in accordance with the proposed method. The indicative results presented in the 
following are extracted from Ref. [18], where full details can be found.

7.4  Beam-Column Joints
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7.5.1 � Experimental Details

The specimens investigated are simply supported two-span linear elements, with 
a rectangular cross section, subjected to the combined action of an axial-com-
pressive concentric force N and a transverse force P which, as shown in Fig. 7.24, 
is applied at mid length of the longer span. The figure also includes the bending 
moment M and shear force V diagrams corresponding to the formation of one and 
two plastic hinges at the locations where the element cross section reaches its flex-
ural capacity Mf. The first plastic hinge occurs at the location of the transverse 
point load, while the second occurs at the location of the internal support. The 
formation of the first plastic hinge may be considered as a lower-bound limit for 
load-carrying capacity, while the formation of the second plastic hinge transforms 
the element into a mechanism, which may be considered as an upper bound limit 
for structural collapse. Moreover, it may be noted from the internal-force diagrams 
of Fig. 7.24 that the portion of the elements between the internal support and the 
transverse point load may be viewed as an approximately 1:3 scale physical model 
of the portion of a column between two successive stories of a building.

The specimens are subjected to sequential loading: the axial force N is applied 
first. It increases to a predefined value equal to N  ≈  0.2Nu (Nu  =  fcbh, fc is the 
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force V diagrams corresponding to formation of one and two plastic hinges (ph)
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uniaxial cylinder compressive strength of concrete, and b, h are the cross-sectional 
dimensions of the specimen), where it is maintained constant during the subsequent 
application of the transverse load P. The latter force (applied at the middle of the 
larger span) increases to failure either monotonically, or in a cyclic manner inducing 
progressively increasing displacements in opposite directions as shown in Fig. 7.2.

As discussed in the preceding section, the specimens are designed from first 
principles by using methods based on two contrasting concepts: the TA, as applied 
by ACI and EC2/EC8, and the proposed method. The physical models underlying 
the design methods are shown in Fig. 7.25. It is interesting to note in the figure 
that, unlike TA, the CFP concept recognizes the locations of the structural element 
where the development of transverse tension is most likely to cause non-flexural 
types of failure. In fact, for the structural elements investigated, the latter concept 
predicts the region of location 3 [the location of the point of contraflexure (see 
Fig. 7.25b)] as the region most likely to fail in transverse tension; as a result the 
stirrup spacing is significantly denser than that code specified value in this region 
(see Fig.  7.26). On the other hand, both ACI and EC2/EC8 specify denser stir-
rup spacing in regions where a large shear force combines with a large bending 
moment. Such regions, referred to in codes as critical lengths, are marked with lcr 
in Fig. 7.24, with lcr = 400 mm (see Fig. 7.26a and b). With the exception of the 
transverse reinforcement arrangement, shown in Fig. 7.26, the design details of the 
specimens are similar in all cases. The specimens have a 200 mm square cross sec-
tion and longitudinal reinforcement comprising four 16 mm diameter high yield 
deformed bars (with yield stress fy = 540 MPa), symmetrically placed at the cor-
ners of the cross section. The distance of the centroid of the longitudinal bars from 
the top and bottom faces closer to them is approximately 15 mm. Mild-steel plain 

lcrlcrlcrlcr

dd

1 to 5     Locations of “critical”  transverse tension

z

Compression strut

Tension tie

Compression field

1 2 3
4

h

lcr = h

d

5 

z

(a)

(b)

Fig. 7.25   Models underlying methods used for designing structural forms tested: a truss analogy 
(TA); and b compressive force path model (CFP)

7.5  Points of Contraflexure
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bars with a 6 mm diameter with yield stress fy = 360 MPa are used for the stir-
rups. The ready-mix concrete used has an uniaxial cylinder compressive strength 
fc ≈ 40 MPa at the time of testing (nearly 60 days after casting).

7.5.2 � Results of Tests

Typical test results are presented in Tables  7.8, 7.9, 7.10, 7.11 and Figs.  7.27, 
7.28, 7.29, 7.30. Table  7.8 shows the experimental and calculated values of the 
transverse load and corresponding displacement at various load stages for all 
specimens considered. Table  7.9 lists the experimentally obtained values of the 
internal actions (bending moments and shear forces), describes the failure mode, 
and indicates the location of failure of the specimens. Table 7.10 shows the code 
predictions of shear capacity of characteristic portions of the specimens, whereas 
Table 7.11 contains the ratios of these values to their experimental counterparts. 
The figures show both the load–displacement curves and the mode of failure and 
associated crack pattern of the specimens. Although the work focuses primarily on 

3300
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400 400

D6@84 D6@84 D6@84D6@17D6@17

1200 975 975
400 400

D6@160 D6@90 D6@160D6@30D6@30

975 975
100 100

D6@93 D6@40 D6@932D62D6
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(b)

(c)

Fig. 7.26   Design details of specimens with 14 mm diameter longitudinal bars: a design to TA 
(ACI); b design to TA (EC); c design to CFP
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structural behaviour under cyclic loading, testing under monotonic loading is con-
sidered essential for purposes of comparison. Moreover, the results obtained under 
monotonic loading are used to define a nominal value of the yield point, which 
forms the basis for the assessment of the ductility ratio of all specimens subse-
quently tested under cyclic loading.

Table 7.8   Experimentally established and calculated values of the transverse force (in kN) and 
corresponding displacement (in mm) at various load levels for the specimens tested

Specimen Experimental Calculated

Pmax δPmax δ0.85max δsust δfail Py Pny = P1P P2P Pmax/P2P δny μsust μfail

ACI-D16-M 178 29.0 61.2 – – 109 144 166 1.07 10.9 5.5 –
EC-D16-M 164 34.2 61.6 – – 101 137 157 1.04 11.6 5.5 –
CFP-D16-M 154 29.7 55.8 – – 97 133 152 1.01 9.5 5.9 –
ACI-D16-C 171 28.3 – 45.8 – 109 144 166 1.03 11.0 4.2 –
EC-D16-C 167 31.1 – 17 34 101 137 157 1.06 11.6 1.5 2.9

CFP-D16-C 162 30.7 – 41.4 51.5 97 133 152 1.08 9.5 4.4 5.4

Py, P1P, P2P and Pmax: the values of transverse force at first (beginning of) yield, 1st plastic hinge, 
2nd plastic hinge (predicted load-carrying capacity) and experimentally established peak level, 
respectively; δny, δPmax, δ0.85Pmax, δsust, and δfail: the values of transverse displacement at Py, 
Pmax, the post-peak value of P = 0.85Pmax, the maximum sustained loading cycle and loading 
cycle that caused failure, respectively; μsust = δ0.85Pmax/δny or μsust = δsust/δny for the cases of 
monotonic and cyclic, respectively, loading, and μfail = δfail/δny for the case of cyclic loading, 
δ1P = δny

Table 7.9   Experimental values of bending moment (in kNm) at support B (MB, e) and point load 
at C (MC, E) and comparison with their design values (MB, f and MC, f), shear force (in kN) within 
portions AB (VAB, E), BC (VBC, E) and CD (VCD, E), and mode of failure (and its location) for all 
specimens (values in bold indicate locations of shear failure), (locations of B, C, AB, BC and CD 
as in Fig. 7.24)

Experimental values
Specimen MB, E MB, E/MB, f MC, E MC, E/MC, f VAB, E VBC, E VCD, E Mode of  

failure

Location of 

failure

ACI-D16-M 63 1.17 64 1.18 53 121 57 Flexural Load point 

C
EC-D16-M 54.8 1.02 60.7 1.19 46 110 54 Flexural Load point 

C

CFP-D16-M 51.1 1.02 57.9 1.16 43 103 50 Flexural Load point 

C

ACI-D16-C 57.2 1.06 63.3 1.17 48 114 56 Flexural Load point 

C

EC-D16-C 55.8 1.09 61.0 1.20 47 112 55 Web horizontal 

cracking

Middle of 

BC

CFP-D16-C 54.2 1.08 61.1 1.22 45.0 109 53 Comp. zone 

failure and 

inclined 

cracking

CD right 

of C

7.5  Points of Contraflexure
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7.5.3 � Discussion of Results

(a)	 Monotonic loading

Figure  7.27 shows the load–displacement curves obtained for the specimens tested 
under monotonic loading. On these figures, the location of the nominal yield point used 
for assessing the specimen ductility ratio is also indicated. The location of this point is 
determined as for the case of the beam-column elements discussed in Sect. 7.2.3.

It is evident from the figures that all specimens monotonically loaded exhibit 
ductile behaviour. In fact, Table 7.8 indicates that the average value of the ductility 
ratio (μ) of the specimens, defined as the ratio of the displacement at a post-peak 
load of 85 % the load-carrying capacity (δ0.85Pmax) to the displacement at nomi-
nal yield (δny), i.e. μ =  δ0.85Pmax/δny, is over 5. Moreover, the table shows that, 
for all specimens the experimental values of load-carrying capacity either equal or 
exceed their calculated design counterparts.

Finally, it can be seen from the load–displacement characteristics (Fig.  7.27) 
that testing is stopped at a relatively large ductility, before significant loss of load-
carrying capacity. In all cases, the crack patterns shown in Fig. 7.28 are character-
ised by flexural cracking.

Table 7.10   Shear capacities (in kN) predicted by EC2/EC8 and ACI for the various portions of 
the specimens tested (values in bold indicate locations of shear failure), (element portions AB, 
BC, CD as in Fig. 7.24.)

Specimen

Specimen portion

AB left side AB right side BC both ends BC middle CD left side CD right side

EC ACI EC ACI EC ACI EC ACI EC ACI EC ACI

ACI-D16-M 168 192 256 288 256 288 168 192 256 288 168 192
EC-D16-M 123 144 245 274 245 274 123 144 245 274 123 144
CFP-D16-M 108 130 100 130 100 130 152 174 100 130 108 130
ACI-D16-C 168 192 256 288 256 288 168 192 256 288 168 192
EC-D16-C 123 144 245 274 245 274 123 144 245 274 123 144
CFP-D16-C 108 130 100 130 100 130 152 174 100 130 108 130

Table 7.11   Ratios of shear capacities predicted by EC2/8 and ACI to measured shear forces for 
the various portions of the specimens tested (values in bold indicate locations of shear failure)

Specimen

Specimen portion

AB left side AB right side BC both ends BC middle CD left side CD right side

EC2 ACI EC2 ACI EC2 ACI EC2 ACI EC2 ACI EC2 ACI

ACI-D16-M 3.20 3.65 4.87 5.48 2.11 2.37 1.38 1.58 4.52 5.08 2.96 3.39
EC-D16-M 2.69 3.15 5.36 6.00 2.22 2.49 1.12 1.31 4.55 5.08 2.28 2.67
CFP-D16-M 2.53 3.05 2.35 3.05 0.97 1.27 1.48 1.69 1.99 2.59 2.15 2.59
ACI-D16-C 3.53 4.03 5.37 6.05 2.23 2.51 1.46 1.67 4.56 5.13 2.99 3.42
EC-D16-C 2.64 3.10 5.27 5.89 2.18 2.44 1.10 1.28 4.46 4.99 2.24 2.62
CFP-D16-C 2.39 2.88 2.22 2.88 0.92 1.20 1.40 1.60 1.88 2.44 2.03 2.44

Element portions AB, BC, CD as in Fig. 7.24
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(b)	 Cyclic loading

Figure 7.29 shows that the behaviour of the specimens tested under cyclic loading 
is not as ductile as that of the specimens subjected to monotonic loading. In fact, 
Table 7.8 shows that, for the loading cycle that induces the maximum sustained 
displacement (δsust), the ductility ratio (μsust  =  δsust/δny) varies from 1.5 to 4.4, 
while the ductility ratio at failure (μfail = δfail/δny, where δfail is the displacement at 
which failure occurs) only once exceeds 5.

It is interesting to note in Table 7.8 that a significantly lower ductility is exhibited 
by all specimens designed in accordance with EC2/EC8. Figure 7.29b shows that 
such low ductility is characterised by a brittle type of failure due to near horizontal 
splitting of the portion of the specimen between the point load and the middle sup-
port (portion BC in Fig. 7.24), i.e. the region of the point of contraflexure. This can 
also be seen from Table 7.11, which shows that failure in the middle (BC) portion 
of the specimen (indicated by bold numbers) occurs despite the apparent margins of 

Fig. 7.27   Load-displacement 
curves for D14 specimens 
tested under monotonic 
loading: a ACI-D14-M; b 
EC-D14-M; c CFP-D14-M 
[the triangular symbols 
represent (moving upwards) 
the points at first yield, first 
plastic hinge and second 
plastic hinge, respectively] 0
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safety against shear failure in both ACI (34 %) and EC2 (11 %). However, for speci-
men ACI-D16-C, an increase of the safety margin to the level specified by the CFP 
method appears to safeguard against horizontal splitting in the region of the point of 
inflection of portion BC. Naturally, such horizontal splitting does not occur in the 
specimens designed to the CFP method (see Fig. 7.30c).

7.5.4 � Concluding Remarks

Under cyclic loading, the specimens designed to current code provisions suffer 
premature failure due to near-horizontal web cracking in the region of the point of 
contraflexure.

Fig. 7.28   Modes of failure and associated crack patterns for D14 specimens tested under mono-
tonic loading: a ACI-D14-M; b EC-D14-M; c CFP-D14-M
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The above mode of failure is found to be prevented by increasing the amount 
of stirrups in the region of the point of contraclecture to the levels specified by the 
CFP method.

The specimens designed to the CFP method appear to be more likely to satisfy 
the performance requirements of current codes for strength and ductility.

7.6 � Conclusions

•	 Unlike the methods adopted by current codes for the design of concrete struc-
tures, the proposed method is expressed in a unified form which is applicable 
to all structural elements under the actions considered in current design practice 
without the need of modification.

Fig. 7.29   Load-displacement 
curves for D16 specimens 
tested under cyclic loading: a 
ACI-D16-C; b EC-D16-C; c 
CFP-D16-C [the triangular 
symbols represent (moving 
upwards) the points at yield, 
first plastic hinge and second 
plastic hinge, respectively] -180
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•	 The proposed method is found to produce design solutions which satisfy the 
requirements of current codes for structural performance of earthquake-resistant 
structures in all cases investigated; these cases include structural members such 
as beams, columns, walls, beam-to-beam or column-to-column connections, and 
beam-to-column joints.

•	 Unlike the methods adopted by current codes, the proposed method classifies 
the regions of points of contraflexure (beam-to-beam or column-to-column con-
nections) as critical and specifies reinforcement, when needed, for safeguarding 
against the brittle types of failure suffered in recent earthquakes by the vertical 
elements of RC structures designed by current codes.

Fig. 7.30   Modes of failure and associated crack patterns for D14 specimens tested under cyclic 
loading: a Specimen ACI-D14-C; b specimen EC-D14-C; c specimen CFP-D14-C
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8.1 � Introduction

The present chapter presents a number of design examples of the application of 
the compressive force-path (CFP) method discussed in the preceding chapters, 
with particular emphasis being given to design applications for earthquake-resist-
ant structures. For purposes of comparison, the cases presented also include design 
solutions obtained from methods adopted by current codes. In all cases, all safety 
factors are set equal to 1; for application in practice, the code recommended values 
may be used.

8.2 � Column Exhibiting Type II Behaviour

The column illustrated in Fig. 8.1 is part of a frame structure; it has a square cross 
section with 500 mm side, a clear height of 2,350 mm and longitudinal reinforce-
ment comprising twelve 28 mm diameter bars arranged symmetrically about the 
axes of symmetry of the cross section at a spacing of 140 mm along the side faces 
of the column, with their geometric centre lying at a distance of 40 mm from the 
column faces. The uniaxial cylinder compressive strength of concrete is 30 MPa, 
whereas the yield stress of the steel is 550 MPa. In the following, the CFP method 
is used to determine the amount and arrangement of the transverse reinforce-
ment required for safeguarding against brittle types of failure when the bending 
moment and the shear force acting at the column ends combine with an axial force 
N = 1,500,000 N. The transverse reinforcement specified by the European codes 
of practice EC2 and EC8 is also presented for purposes of comparison.

Chapter 8
Design Applications

M. D. Kotsovos, Compressive Force-Path Method, Engineering Materials,  
DOI: 10.1007/978-3-319-00488-4_8, © Springer International Publishing Switzerland 2014
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8.2.1 � CFP Design

Flexural capacity. Figure  8.2 depicts the internal actions that would develop 
at the end cross-section were the column capable to reach its flexural capac-
ity. Expression 3.3, in which ft  =  2.37  MPa is obtained from expression 3.2a, 

Fig. 8.1   Geometric characteristics, longitudinal reinforcement details and material characteristics 
of slender column
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yields σa = 41.85 MPa and thus the force sustained by concrete in the compres-
sive zone is Fc = σabx = 41.85 × 500x = 20,925x, where b is the cross section 
width and x the depth of the compressive zone. If it is assumed that the longi-
tudinal bars of layers 1 and 2 (see Fig.  8.2) remain within their elastic range 
of behaviour when flexural capacity is attained, then the forces sustained by 
the bars are Fs1  =  As1fs1  =  As1εs1Es and Fs2  =  As2fs2  =  As2εs2Es, respectively 
(Es = 200,000 MPa is the modulus of elasticity of the steel, whereas As1, fs1, εs1, 
and As2, fs2, εs2 are the total cross-sectional areas of the steel bars in layers 1 and 
2 and the corresponding stresses and strains). Since from the compatibility condi-
tions εs1 = 0.0035 × (x − 40)/x and εs2 = 0.0035 × (x − 180)/x, Fs1 = 4 × (π × 
282/4) × 200,000 × 0.0035 × (x − 40)/x = 1,724,106 × (x − 40)/x and Fs2 = 2 
× (π × 282/4) × 200,000 × 0.0035 × (180 − x)/x = 862,053 × (180 − x)/x. On 
the other hand, assuming that the steel bars of layers 3 and 4 are at yield when 
flexural capacity is attained, the forces sustained by these bars are Fs3 = As3fy and 
Fs4 = As4fy, where fy is the yield stress of the steel and As3, As4 are the total cross-
sectional areas of the bars of layers 3 and 4, respectively. Thus, the total forces 
sustained by the steel bars are Fs3 = 2 ×  (π × 282/4) × 550 = 677,327 N and  
Fs4 = 4 × (π × 282/4) × 550 = 1,354,655 N.

Considering the equivalence between the longitudinal internal and external 
actions, Fc +  Fs1 −  Fs2 −  Fs3 −  Fs4 =  N, in which Fc, Fs1, Fs2, Fs3, and Fs4 
are replaced with their expressions (functions of x only), yields x ≈ 129 mm and 
thus, Fc = 2,699,325 N, Fs1 = 1,189,500 N, Fs2 = 340,812 N, Fs3 = 677,327 N, 
and Fs4 = 1,354,655 N, the direction of the forces being as indicated in Fig. 8.2. 
Replacing the values of x and of the internal longitudinal forces into equation  
Mf = Fc(250 − 0.5x) + Fs1(250 − 40) − Fs2(250 − 180) + Fs3(250 − 180) + Fs4

(250 − 40), which expresses the equivalence between the moments of the internal 
and external forces, yields Mf ≈ 1,058 × 106 Nmm. Then, the shear force corre-
sponding to Mf is Vf = 2 Mf/H = 2 × 1,058 × 106/2,350 ≈ 900 × 103 N.

Physical model. Since the column is essentially equivalent to a beam sub-
jected to similar end actions (longitudinal and transverse forces coupled with a 
moment), it is modelled as discussed in Sect. 6.2.1, with its model being illus-
trated in Fig.  8.3. For a column with the same cross-sectional characteristics 
throughout its height H, the point of contraflexure (point of zero bending moment) 
forms at mid height (location 3 in Fig. 8.3), and hence its two constituent ‘can-
tilevers’ have a shear span av =  H/2 =  2,350/2 =  1,175  mm and a shear span-
to-depth ratio av/d  =  1,175/380  ≈  3.1  >  2.5, thus exhibiting type II behaviour 
(d ≈ 380 mm being the distance of the point of application of the resultant of the 
tensile forces Fs2, Fs3, and Fs4 sustained by the longitudinal reinforcement from 
the extreme compressive fibre). As discussed in Sect. 2.3, for type II behaviour, 
brittle failure may occur either in the region (indicated as location 1 in Fig. 8.3) 
where the horizontal and inclined elements of ‘frame’ join (at a distance of 
2.5d = 2.5 × 380 ≈ 950 mm from the ‘internal’ support forming at mid height) or 
in the region (indicated as location 2 in Fig. 8.3) where the bending moment and 
shear force attain their largest values. [The causes of these types of behaviour are 
fully discussed in Chap. 2 (Sect. 2.3)].

8.2  Column Exhibiting Type II Behaviour
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However, as discussed in Sect. 6.2.1, brittle failure of the column may also 
occur within its middle region (shaded grey in Fig.  8.3) where the compressive 
force developing on account of bending combined with axial force is transferred 
from the upper right-hand side end of the column to its lower left-hand side end. 
As indicated in Fig. 8.3, the length a of the above region is equal to the distance 
between locations 1 of the upper and lower ‘cantilever’ members of the column 
(i.e. a = 2 × (2.5d) = 2 × (2.5 × 380) ≈ 1,900 mm). Moreover, since, as also dis-
cussed in Sect. 6.2.1, a = 1,900 mm > 2.5d ≈ 950 mm, the slope of the inclined 
compression is 1:2.5, with either of, or both, locations 1 moving towards the col-
umn mid-height so as both the slope of the inclined compression is maintained 
constant and the internal force conditions (zero bending moment and concentric 
axial force resultant) at the location of the point of contraflexure (indicated as 
location 3 in Fig. 8.3) are not violated.

Transverse reinforcement at locations 1. From expression 3.11, the ‘shear’ 
force that can be sustained without the need of transverse reinforcement in the 
region of a location 1 is VII,1 = 0.5ftbd(h − xo)/(h − x) = 0.5 × 2.37 × 500 × 3
80 × (500 − 91)/(500 − 129) = 248,911 N < 900,000 N, where xo = 91 mm is 
the depth of the compressive zone for N =  0. (Note that xo results by consider-
ing the equivalence between longitudinal internal and external forces indicated in 
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Fig.  8.2 (Fc + Fs1 − Fs2 − Fs3 − Fs4 =  0) in which Fc, Fs1, Fs2, Fs3, and Fs4 
are replaced with their expressions which are functions of xo only). Thus, there 
is a need for transverse reinforcement (Asv,1) capable of sustaining the whole 
transverse tensile force TII,1 = VII,1 = Vf = 900,000 N developing within a length 
2d = 2 × 380 ≈ 760 mm, i.e. Asv,1 = 900,000/550 = 1,636.364 mm2. Such rein-
forcement is placed within a length extending to a distance d = 380 mm on either 
side of location 1. This amount of reinforcement is equivalent to four-legged stir-
rups of 8 mm diameter at a spacing of 93.38 mm; the latter being rounded up to 
90 mm (four-legged D8 @ 90) for practical purposes. However, as the distance of 
location 1 from the support closest to it is H/2 − 2.5d = 1,175 − 2.5 × 380 ≈ 22
5 mm < d ≈ 380 mm (see Fig. 8.4), the stirrup spacing within this length should 
be 93.38 × 225/380 = 55.3 mm, rounded up to 50 mm. Moreover, the reinforce-
ment (four legged D8 @ 90) required in the region of location 1 is placed through-
out the region where the compressive force is likely to change direction, since it is 
inevitable for locations 1 to move towards the column mid height for the reasons 
discussed earlier.

Transverse reinforcement at locations 2. From expression 3.13, the ‘shear’ 
force that can be sustained without the need of transverse reinforcement in the 
region of location 2 is VII,2 = Fc*[1 − 1/(1 + 5|ft|/fc)] = 2,689,574 ×  [1 − 1/(1 
+ 5|2.37|/30)] = 761,564 N < Vf = 900,000 N. Thus, there is need for transverse 
reinforcement capable of sustaining the tensile stresses developing in the region 
of locations 2 due to the loss of bond between concrete and the longitudinal rein-
forcement. The amount of reinforcement required for this purpose is calculated 
through the use of expressions 4.2 and 4.3. From expression 4.2, the nominal 
value of the transverse tensile stresses developing within the region of locations 2 
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(extending from location 1 (i.e. the location of the joint of the vertical and inclined 
elements of the ‘frame’) to the column end) is σt = 30/[5 ×  (2,689,574/896,936 
− 1)] ≈ 3 MPa. Then, from expression 4.3a, the largest of the tensile stress result-
ants developing within this region (with a length of 225 mm) in the directions of 
the cross-sectional axes of symmetry is TII,2v = 3 × 500 × 225/2 ≈ 168,750 N. 
The amount of transverse reinforcement required to sustain TII,2v is Asv,2v = 168
,750/550 = 306.82 mm2, which is equivalent to one four-legged 8 mm diameter 
stirrup. However, the need for such reinforcement is covered by the reinforcement 
already specified within the same region for safeguarding against brittle failure at 
locations 1. On the other hand, the tensile stress resultant developing in the direc-
tion orthogonal to that of TII,2v is TII,2h = 3 × 129 × 225/2 = 43,537.5 N. The 
amount of reinforcement required to sustain this force is Asv,2h = 43,537.5/550 = 
79.16 mm2 which is also covered by the stirrup legs across the compressive zone 
specified for safeguarding against failure at locations 1.

Total transverse reinforcement. Therefore, in order to safeguard against brit-
tle non-flexural types of failure, the transverse reinforcement used comprises of 
four-legged stirrups placed at spacing of 50 mm, within the regions extending to 
a distance of 225 mm from the column ends, and at spacing of 90 mm throughout 
the remainder middle region of the column.

8.2.2 � EC2/EC8 Design

Figure 8.5 shows the amount and arrangement of transverse reinforcement speci-
fied by the European codes EC2 and EC8 for the column in Fig.  8.1 to exhibit 
either medium or high ductility. For both cases of ductility demand, the figure 
shows that the codes specify a significantly denser spacing within the end regions 
than within the middle region of the column, where the spacing provided is suf-
ficient in accordance with the EC2 specifications (clause 6.2.3) for safeguarding 
against shear failure. The denser spacing within the end regions, termed ‘critical 
lengths’, is specified by EC8 [clauses 5.4.3.2.2 (medium ductility) and 5.5.3.2.2 
(high ductility)] in order to safeguard the intended ductility demand. The figure 
shows that the code specifies both denser reinforcement spacing and longer critical 
lengths for the case of a high ductility demand.

Comparing the code specified transverse reinforcement details with those 
resulting from the application of the CFP method, it becomes apparent that, in 
accordance with the CFP method, the code specified amount of transverse rein-
forcement is inadequate for preventing the types of failure linked with type II 
behaviour both within the middle region of the column and the critical lengths, 
in the latter for the case of medium ductility demand only. On the other hand, 
the amount of transverse reinforcement specified by the code within the critical 
lengths for the case of a high ductility demand is larger than the amount required 
in accordance with the CFP method, since it spreads over a longer distance from 
the column ends (750 mm against 225 mm).

http://dx.doi.org/10.1007/978-3-319-00488-4_4
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8.3 � Column Exhibiting Types of Behaviour II and III

The column illustrated in Fig. 8.6 differs from that in Fig. 8.1 in that its square 
cross section has a 700  mm side, the longitudinal reinforcement spacing is 
204 mm along the side faces of the column, with their geometric centre being at 
a distance of 44 mm from the column faces, and the bending moment and shear 
force acting at its ends are combined with an axial force N = 2,900,000 N. As for 
the case of the column in Fig.  8.1, in the following, the CFP method is used to 
determine the amount and arrangement of the transverse reinforcement required to 
safeguard against brittle types of failure, with the transverse reinforcement speci-
fied by the European codes of practice EC2 and EC8 being also provided for com-
parison purposes.

8.3.1 � CFP Design

Flexural capacity. Figure 8.7 depicts the internal actions that would develop at the 
end cross-sections, were the column capable to reach its flexural capacity. By fol-
lowing the reasoning adopted for the calculation of flexural capacity in Sect. 8.2.1, 
these internal actions are expressed as follows: Fc  =  σabx  =  41.85  ×  700x  =  
292,950x, Fs1 = 4 × (π × 282/4) × 200,000 × 0.0035 × (x − 40)/x = 1,724,106 ×  
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(x − 44)/x, Fs2 = 2 × (π × 282/4) × 200,000 × 0.0035 × (248 − x)/x = 862,050 ×  
(248 − x)/x, Fs3 = 2 × (π × 282/4) × 550 = 677,327 N and Fs4 = 4 × (π × 282/4) × 
550 = 1,354,655 N.

When replacing Fc, Fs1, Fs2, Fs3, and Fs4 with the above expressions, equa-
tion Fc + Fs1 − Fs2 − Fs3 − Fs4 = N, which describes the equivalence between 
the longitudinal internal and external actions, yields x  ≈  147  mm and thus, 
Fc = 4,306,365 N, Fs1 = 1,208,047 N, Fs2 = 592,295 N, Fs3 = 677,325 N, and 
Fs4 = 1,354,650 N, the force direction being as indicated in Fig. 8.7. Replacing 
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the values of x, Fc, Fs1, Fs2, Fs3 and Fs4 in expression Mf = Fc × (350 − 0.5x) + 
Fs1 × (350 − 44) − Fs2 × (350 − 248) + Fs3 × (350 − 248) + Fs4 × (350 − 44), 
which describes the equivalence between the moments of the internal and external 
actions, yields Mf ≈ 1,985 × 106 Nmm. Then, the shear force corresponding to Mf 
is Vf = 2 Mf/H = 2 × 1,985 × 106/2,350 ≈ 1,690 × 103 N.

Physical model. As for the column in Fig. 8.1, the column in Fig. 8.6 is mod-
elled as discussed in Sect. 6.2.1, with its model being illustrated in Fig.  8.8. 
For a column with the same cross-sectional characteristics throughout its 
height H, the point of contraflexure forms at mid height (location 3 in Fig. 8.8); 
thus, the column’s two constituent ‘cantilevers’ exhibit type III behaviour, 
since their shear span-to-depth ratio av/d  =  1,175/511.49  ≈  2.3  <  2.5, where 
av = H/2 =  2,350/2 =  1,175 mm and d ≈  511 mm is the distance of the point 
of application of the resultant of the tensile forces Fs2, Fs3, and Fs4 sustained by 
the longitudinal reinforcement from the extreme compressive fibre. As discussed 
in Sect. 2.3, for type III behaviour, non-flexural failure of the beam results from 
the reduction of the depth of the compressive zone owing to the extension of the 
inclined crack which is deeper than the flexural cracks. (The causes of this type of 
failure—occurring as a result of failure of the horizontal element of the ‘frame’, in 
the region of the joint of the horizontal and inclined elements of the ‘frame’—are 
described in Sect. 2.3 of Chap. 2.)

Transverse reinforcement at locations 1′. The reduction in depth causes a 
reduction in flexural capacity and the maximum bending moment MIII that can be 
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sustained by the column is assessed, as described in Sect. 3.3.3, by linear inter-
polation between two values of MIII corresponding to av/d =  1 (MIII = Mf) and 
av/d = 2.5 (MIII = MII

(2.5d)). Thus for av/d = 2.5, expression 3.9 yields VII,1 = 0.5 
× 2.37 × 700 × 511 × (700 − 90)/(700 − 147) = 467,565 N [where xo ≈ 90 mm 
is the depth of the compressive zone when N = 0 calculated as for the case of the 
column in Fig. 8.1 (see Sect. 8.2.1)], whereas from expression 3.13 VII,2 = 4,30
6,365[1 − (1 + 5 × 2.37/30)] = 1,219,365 N. Thus, as discussed in Sect. 3.3.3, 
VII = min(VII,1,VII,2) = 467,565 N and MIII

(2.5d) = 2.5dVII = 2.5 × 511 × 467,56
5 = 597 × 106 Nmm. As a result, for av/d = 2.3, expression 3.14 yields MIII = 5
97 × 106 + (1,985.413 × 106 − 597 × 106)(2.5 × 511 − 1,175)/(1.5 × 511) = 7
83 × 106 Nmm < Mf ≈ 1,985 × 106 Nmm; thus failure will occur before flexural 
capacity is exhausted.

As discussed in Sect. 4.3.2, this type of failure can be prevented by uni-
formly distributing transverse reinforcement in the form of stirrups within the 
whole length of the shear spans. The amount of the reinforcement required is 
assessed from expression 4.6 which yields Asv =  2(1,985 ×  106 −  783 ×  106)/
(1,175 × 550) = 3,710.64 mm2 within a length of 1,175 mm; this reinforcement is 
equivalent to four-legged 8 mm diameter stirrups at a spacing of 63.7 mm, the lat-
ter being rounded up to 60 mm (four-legged D8 @ 60).

Transverse reinforcement at locations 1. However, as for the case of the col-
umn in Fig. 8.1, brittle failure may also occur within the region (shaded grey in 
Fig.  8.8) where the compressive force developing on account of bending com-
bined with axial force is transferred from the upper right-hand side end of the 
column to its lower left-hand side end. Since the length of this transfer region 
a =  H =  2,350  mm is larger than 2.5d =  2.5 ×  511 ≈  1,277.5  mm, the slope 
of the inclined compression is 1:2.5, with either of, or both, locations of change 
in the path of the compressive force (locations 1 in Fig. 8.8) moving towards the 
location of the mid-column height so as both the slope of the inclined compression 
is maintained constant and the internal force conditions at the location of the point 
of contraflexure are not violated.

This is a type II failure which, as discussed Sect. 2.3, occurs when the tensile 
force, TII,1 = VII,1, developing in the region of a location 1, cannot be sustained 
by concrete alone; from expression 3.11, VII,1 = 0.5ftbd(h − xo)/(h − x) = 0.5 × 
2.37 × 700 × 511 × (700 − 90)/(700 − 147) = 467,565 N < Vf = 1,690 × 103  
N, where xo ≈ 90 mm is the depth of the compressive zone when N = 0. Thus, 
there is a need for transverse reinforcement (Asv,1) capable of sustaining the whole 
transverse tensile force T11,1 = Vf =  1,690 ×  103 N developing within a length 
2d = 2 × 511 = 1,022 mm, i.e. Asv,1 = 1,690 × 103/550 = 3,072.73 mm2 within a 
length 2d = 1,022 mm. This amount of reinforcement is equivalent to four-legged 
stirrups of 8 mm diameter at a spacing of 66.89 mm, the latter being slightly larger 
than the amount already found to be required to safeguard against type III failure.

Total transverse reinforcement—Therefore, the transverse reinforcement 
required to safeguard against brittle non-flexural types of reinforcement is four-
legged stirrups at a spacing of 60 mm throughout the column height, as indicated 
in Fig. 8.9.
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8.3.2 � EC2/EC8 Design

Figure 8.10 shows the amount and arrangement of transverse reinforcement speci-
fied by the European codes EC2 and EC8 for the column in Fig.  8.6 to exhibit 
either medium or high ductility. The reinforcement arrangement is as for the 
case of the column in Fig.  8.1; for both cases of ductility demands, EC8 (see 
clauses 5.4.3.2.2 for medium ductility and 5.5.3.2.2 for high ductility) specifies a 
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significantly denser spacing within the end regions (critical lengths) than within 
the middle region of the column, where the spacing provided is sufficient in 
accordance with the EC2 specifications (clause 6.2.3) to safeguard against shear 
failure. As for the case of the column in Fig. 8.1, the figure shows that the code 
specifies both denser reinforcement spacing and longer critical lengths for the case 
of a high ductility demand.

Comparing the code specified transverse reinforcement details with those 
resulting from the application of the CFP method confirms the conclusions drawn 
for the case of the column discussed in Sect. 8.2: in accordance with the CFP 
method, the code specified amount of transverse reinforcement within the middle 
region of the column is inadequate for preventing the type II failure linked with 
the change in the path of the compressive force developing on account of bending; 
on the other hand, the amount of transverse reinforcement specified by the code 
within the critical lengths is slightly smaller, for the case of medium ductility, and 
significantly denser, for the case of high ductility demand, than the amount really 
required to satisfy the intended structural behaviour.

8.4 � Coupling Beam of Type II Behaviour

The beam in Fig.  8.11 is considered to span the distance between two struc-
tural walls to which it is monolithically connected. The beam is intended to dis-
sipate part of the energy in an easily repairable part of a structure comprising 
either a structural wall system or a dual structural wall-frame system subjected 
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to earthquake motion. As indicated in the figure, the beam has a clear span of 
3,000  mm, a 600  mm high  ×  300  mm wide rectangular cross section, with a 
depth of 550 mm and longitudinal reinforcement comprising three 28 mm diam-
eter top and bottom bars. The uniaxial cylinder compressive strength of concrete is 
30 MPa, whereas the yield stress of the steel is 550 MPa. In the following, the pro-
posed method is used to determine the amount and arrangement of the transverse 
reinforcement required for safeguarding against brittle types of failure. The trans-
verse reinforcement specified by the European codes of practice EC2 and EC8 is 
also provided for purposes of comparison.

8.4.1 � CFP Design

Flexural capacity. Figure  8.12 depicts the internal actions that would develop 
at the end cross-sections were the beam capable to reach its flexural capacity. 
From expression 3.3, in which ft =  2.37 MPa is obtained from expression 3.2a, 
σa = 41.85 MPa and thus the force sustained by concrete in the compressive zone 
is Fc = σabx = 41.85 × 300x = 12,555x. If it is assumed that the longitudinal bars 
in compression remain within their elastic range of behaviour when flexural capac-
ity is attained, then the total force sustained by these bars is Fs′ = As′fs′ = As′εs′Es′ 
where Es = 200,000 MPa is the steel modulus of elasticity and As′, fs′, εs′ are the 
total cross-sectional area of, and the stresses and strains developing in, the steel 
bars in compression, respectively. Making use of the compatibility condition 
εs′ = 0.0035 × (x − 50)/x, the force sustained by the reinforcement in compres-
sion Fs′ = 3 × (π × 282/4) × 200,000 × 0.0035 × (x − 50)/x = 1,293,080 × (x 
−  50)/x. On the other hand, assuming that the steel bars in tension are at yield 
when flexural capacity is attained, Fs = Asfy, where fy is the steel yield stress and 
As is the total cross-sectional areas of the bottom. Thus, the total force sustained 
by these bars is Fs3 = 3 × (π × 282/4) × 550 = 1,015,991 N.

Replacing Fc, Fs′, Fs with their expressions into expression Fc + Fs′ − Fs = 0, 
which describes the equivalence between the longitudinal internal and exter-
nal actions, yields x  ≈  61  mm and thus, Fc  =  765,855  N, Fs′  =  233,178  N, 
Fs2  =  1,015,991  N, the direction of the being as indicated in Fig.  8.12. 
Replacing x and the internal longitudinal forces with their values in equation 
Mf = Fc(550 − 0.5x) + Fs (550 − 50), which expresses the equivalence between 
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the moments of the internal and external actions, yields Mf = Fc(550 − 0.5x) + Fs 
(550 − 50) yields Mf ≈ 514 × 106 Nmm. Then, the shear force corresponding to 
Mf is Vf = 2 Mf/L = 2 × 514 × 106/3,000 ≈ 343 × 103 N.

Physical model. The beam is modelled as discussed in Sect. 6.2.1, with 
the model being illustrated in Fig.  8.11 (bottom). For a beam, such as that 
considered in the present case, which has the same cross-sectional charac-
teristics throughout its length (L), the point of contraflexure forms at mid 
span (location 3 in Fig.  811 bottom), and thus its two constituent ‘cantile-
vers’ have a shear span-to-depth ratio av/d  =  1,500/550  ≈  2.73  >  2.5 (where 
av  =  L/2  =  3,000/2  =  1,500  mm), thus exhibiting type II behaviour. As dis-
cussed in Sect. 2.3, for type II behaviour, brittle failure may either occur in the 
region of location 1 where the horizontal and inclined elements of ‘frame’ join 
(at a distance equal to 2.5d = 2.5 × 550 = 1,375 mm from mid span) or in the 
region of location 2 where bending moment and shear force attain their largest 
values. [The causes of these types of behaviour are fully discussed in Chap. 2 
(Sect. 2.3)].

Transverse reinforcement at locations 1. From expression 3.9, the ‘shear’ 
force that can be sustained without the need of transverse reinforcement in the 
region of location 1 is VII,1 = 0.5ftbd = 0.5 × 2.37 × 300 × 550 = 195,525 N < 
343,000  N. Thus, there is a need for transverse reinforcement (Asv,1) capable of 
sustaining the whole transverse tensile force TII,1 = Vf =  343,000 N developing 
within a length 2d =  2 ×  550 =  1,100 mm, i.e. Asv,1 =  343,000/550 =  623.64 
mm2. This amount of reinforcement is required within a length extending to a 
distance d = 550 on either side of location 1, the latter being at a distance equal 
to L/2 − 2.5 d = 3,000/2 − 1,375 = 125 mm form the support closest to it. The 
reinforcement placed comprises five three-legged 8 mm diameter stirrups (with a 
total cross-sectional area 753.98 > 623.64 mm2) at spacing of 220 mm, which is 
smaller than the maximum allowed spacing of d/2 = 550/2 = 225 mm (see item 
(f) of Sect. 4.4). It should also be noted that at least two of the stirrups are placed 
between the cross section at the support and location 1.

Transverse reinforcement at locations 2. From expression (3.13), the ‘shear’ 
force that can be sustained without the need of transverse reinforcement in the 
region of location 2 is VII,2 =  Fc*[1 −  1/(1 +  5|ft|/fc)] =  765,855 ×  [1 −  1/(1 
+ 5|2.37|/30)] = 216,855 N < Vf = 343,000 N. Thus, there is need for transverse 
reinforcement capable of sustaining the tensile stresses developing in the region 
of location 2 due to the loss of bond between concrete and the longitudinal rein-
forcement. The amount of reinforcement required for this purposed is calculated 
through the use of expressions 4.2 and 4.3. From expression 4.2, the nominal 
value of the transverse tensile stresses developing within the region of location 2 
(extending from location 1 (i.e. the location of the joint of the vertical and inclined 
elements of the ‘frame’) to the column end) is σt = 30/[5 × (765,855/343,000 − 
1)] ≈ 4.87 MPa, whereas, from expression 4.3a, the stress resultant developing in 
the vertical direction within this region (with a length of 125 mm) is TII,2v = 4.9
4 × 300 × 125/2 ≈ 91,313 N. The amount of transverse reinforcement required 
to sustain TII,2v is Asv,2v = 91,313/550 = 166.02 mm2, which is less than the two 
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three-legged 8 mm diameter stirrup (301.59 mm2) already provided by the rein-
forcement required to safeguard against brittle failure at locations 1. On the other 
hand, the tensile stress resultant developing in the horizontal direction is TII,2h = 3 
× 61 × 125/2 = 11,437.5 N. The amount of reinforcement required to sustain this 
force is Asv,2h = 11,437.5/550 = 20.79 mm2 which is also covered by the stirrup 
legs across the compressive zone specified for safeguarding against failure at loca-
tions 1.

Transverse reinforcement at location 3. However, as discussed in Sect. 6.2.1, 
in the absence of an axial force brittle failure may also occur in the region of the 
point of contra-flexure [location 3 in Fig. 6.11 (bottom)] when the tensile strength 
of concrete is exceeded under the transverse tension developing in this region (see  
Fig. 6.2). From expression (3.8), the tensile force that can be sustained without the 
need of transverse reinforcement in the region of location 3 is T3 = 0.5ftbd = 0.5 × 2.
37 × 300 × 550 = 195,525 N < Tf = Vf = 343,000 N. Thus, there is a need for trans-
verse reinforcement (Asv,3) capable of sustaining the whole transverse tensile force 
Tf = 343,000 N developing within a length 2d = 2 × 550 = 1,100 mm, i.e. Asv,3 = 
343,000/550 = 623.64 mm2. Such reinforcement is placed within a length extending 
to a distance d = 550 on either side of location 3; as for the case of the reinforcement 
in the region of location 1, the reinforcement provided comprises five three-legged 
8 mm diameter stirrups at a spacing of 220 mm (see item (f) in Sect. 4.4).

Total transverse reinforcement. Therefore, the transverse reinforcement 
required to safeguard against brittle non-flexural types of failure comprises three-
legged stirrups which, within the regions extending to a distance of 125 mm from 
the column ends, are placed at spacing of 60 mm, and throughout the remainder 
middle region of the beam, at spacing of 220 mm (see Fig. 8.13).

8.4.2 � EC2/EC8 Design

Figure  8.14 shows the amount and arrangement of transverse reinforcement 
specified by the European codes EC2 and EC8 for the beam in Fig.  8.11 to 
exhibit either medium or high ductility. For both cases of ductility demands, 
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Fig. 8.13   Reinforcement details of beam in Fig. 8.11 in accordance with CFP method
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EC8 (see clauses 5.4.3.1.2 for medium ductility and 5.5.3.1.3 for high ductility) 
specifies a significantly denser spacing within the end regions (critical lengths) 
than within the middle region of the beam, where the spacing provided is suf-
ficient in accordance with the EC2 specifications (clause 6.2.3) to safeguard 
against shear failure. Unlike the columns discussed in Sects. 8.2 and 8.3, the fig-
ure shows that while the code specifies longer critical lengths for the case of a 
high ductility demand, the stirrup spacing remains the same for both types of 
ductility demand.

Comparing the code specified transverse reinforcement details with those 
resulting from the application of the CFP method, it becomes apparent that, in 
accordance with the CFP method, the code specified amount of transverse rein-
forcement is inadequate for preventing the types of failure linked with type II 
behaviour within both the middle region and the critical lengths of the beam for 
both cases of ductility demand.

8.5 � Coupling Beam of Type III Behaviour

The beam in Fig. 8.15 is similar in all respects but the span length, the latter being 
equal to 2,420 mm, with the beam in Fig. 8.11. As for the latter beam, the CFP 
method is used to determine the amount and arrangement of the transverse rein-
forcement required to safeguard against brittle types of failure, with the transverse 
reinforcement specified by the European codes of practice EC2 and EC8 being 
also provided for purposes of comparison.
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Fig. 8.14   Reinforcement details of beam in Fig. 8.11 in accordance with EC2/EC8
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8.5.1 � CFP Design

Flexural capacity. Since the beam discussed in the present section has the cross-
sectional characteristics of the beam discussed in Sect. 8.4, Mf = 514 × 106 Nmm, 
with the shear force corresponding to Mf being Vf = 2 Mf/L = 2 × 514 × 106/2,42
0 ≈ 425 × 103 N.

Physical model. As for all structural elements discussed so far in the present 
chapter, the beam is modelled as discussed in Sect. 6.2.1, with its model being 
illustrated in Fig. 8.15 (bottom). Since the beam has the same cross-sectional char-
acteristics throughout its length (L), the point of contra-flexure forms at mid span 
(location 3), and thus the two constituent ‘cantilevers’ have a shear span-to-depth 
ratio av/d = 1,210/550 = 2.2 < 2.5 (where av = L/2 = 2,420/2 = 1,210 mm), thus 
exhibiting type III behaviour. As discussed in Sect. 2.3, for type III behaviour, 
non-flexural failure of the beam results from the reduction of the depth of the com-
pressive zone owing to the extension of the inclined crack which is deeper than the 
flexural cracks. (The causes of this type of failure—occurring as a result of failure 
of the horizontal element (reduced, in the present case, to a cross section at the 
beam ends) of the ‘frame’, in the region of the joint of the horizontal and inclined 
elements of the ‘frame’—were described in Sect. 2.3 of Chap. 2.)

Transverse reinforcement at locations 1′. The reduction in depth causes a reduc-
tion in flexural capacity with the maximum bending moment MIII that can be sustained 
by the beam being assessed, as described in Sect. 3.3.3, by linear interpolation between 
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Fig. 8.15   Geometric characteristics, longitudinal reinforcement details and material characteris-
tics (top) and physical model of coupling beam (bottom) exhibiting type III behaviour
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two values of values of MIII corresponding to av/d = 1 (MIII = Mf) and av/d = 2.5 
(MIII = MII

(2.5d)). Thus for av/d = 2.5, expression 3.9 yields VII,1 = 0.5 × 2.37 × 3
00 ×  550 =  195,525 N, whereas from expression 3.13, VII,2 =  765,855 ×  [1 −  1/
(1 + 5 × 2.37/30)] = 216,855 N. Thus, as discussed in Sect. 3.3.3, VII = min(VII,1,
VII,2) = 195,525 N and MIII

(2.5d) = 2.5dVII = 2.5 × 550 × 195,525 ≈ 269 × 106 Nm
m. As a result, for av/d = 2.2, expression 3.14 yields MIII = 269 × 106 + (514 × 106 
− 269 × 106)(2.5 × 550 − 1,210)/(1.5 × 550) ≈ 318 × 106 Nmm < Mf ≈ 514 × 106 
Nmm; thus failure will occur before flexural capacity is exhausted.

As discussed in Sect. 4.3.2, this type of failure can be prevented by uni-
formly distributing transverse reinforcement in the form of stirrups within the 
whole length of the shear spans. The amount of such reinforcement required is 
assessed from expression 4.6 which yields Asv  =  2(514  ×  106  −  318  ×  106)/
(1,210 × 550) = 589.03 mm2 within a length of 1,210 mm which is equivalent to 
six two-legged 8 mm diameter stirrups at a spacing of 201.67 mm, the latter being 
rounded up to 200 mm (two-legged D8 @ 200).

Transverse reinforcement at location 3. However, as for the case of the 
beam discussed in Sect. 8.4, in the absence of an axial force brittle failure may 
also occur in the region of the point of contra-flexure [location 3 in Fig. 8.15 (bot-
tom)] when the tensile strength of concrete is exceeded under the transverse ten-
sion developing in this region. From expression 3.8, the tensile force that can be 
sustained without the need of transverse reinforcement in the region of location 
3 is T3 = 0.5ftbd = 0.5 × 2.37 × 300 × 550 = 195,525 N < Tf = Vf = 425,000 
N. Thus, there is a need for transverse reinforcement (Asv,3) capable of sustain-
ing the whole transverse tensile force Tf = 425,000 N developing within a length 
2d = 2 × 550 = 1,100 mm, i.e. Asv,3 = 425,000/550 = 772.72 mm2. Such rein-
forcement is placed within a length extending to a distance d = 550 on either side 
of location 3. This amount of reinforcement is equivalent to eight two-legged stir-
rups of 8 mm diameter at a spacing of 137.5 mm rounded up to 130 mm; the lat-
ter being smaller than the spacing of 200 already specified throughout the beam 
length in order to safeguard against type III failure.

Total transverse reinforcement. Therefore, the transverse reinforcement 
required to safeguard against brittle non-flexural types of failure comprises two-
legged stirrups of 8 mm diameter at spacing of 130 mm within the middle portion 
of the beam extending 550 mm on either side of the mid cross section, and at spac-
ing of 200 mm in the remainder of the beam as indicated in Fig. 8.16.
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Fig. 8.16   Reinforcement details of beam in Fig. 8.15 in accordance with CFP method
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8.5.2 � EC2/EC8 Design

Figure  8.17 shows the amount and arrangement of transverse reinforcement 
specified by the European codes EC2 and EC8 for the beam in Fig.  8.15 to 
exhibit either medium or high ductility. As for the case of the beam discussed in  
Sect. 8.4, for both cases of ductility demands, EC8 (see clauses 5.4.3.1.2 for medium 
ductility and 5.5.3.1.3 for high ductility) specifies a significantly denser spacing 
within the end regions (critical lengths) than within the middle region of the beam, 
where the spacing provided is sufficient in accordance with the EC2 specifications 
(clause 6.2.3) to safeguard against shear failure. The figure also shows that, for the 
case of a high ductility demand, the code specifies longer critical lengths, whereas 
the stirrup spacing is similar with that specified for the case medium ductility.

Comparing the code specified transverse reinforcement details with those 
resulting from the application of the CFP method shows that, in accordance with 
the CFP method, the code specified amount of transverse reinforcement is inade-
quate for preventing failure within the middle region of the beam, whereas, within 
the critical lengths, the code specified amount is larger than that deemed necessary 
by the CFP method for safeguarding against a non-flexural type of failure.

8.6 � External Beam-Column Joint

For the beam-column joint in Fig.  8.18, the design details and material prop-
erties of the beam and column elements are those shown in Figs.  8.13 and 8.4, 
respectively. The figure also shows that the beam longitudinal bars are anchored at 
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Fig. 8.17   Reinforcement details of beam in Fig. 8.15 in accordance with EC2/EC8
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the back left-hand side end face of the joint through the use of steel end plates. In 
the following, the CFP method is used to determine the transverse reinforcement 
required to safeguard against the occurrence of significant cracking in the joint 
before the formation of a ‘plastic’ hinge in the adjacent end region of the beam. As 
in all design cases discussed in the preceding sections of the present chapter, the 
code specified reinforcement is also provided for purposes of comparison.

Referring to Fig. 6.15, the inclination a of the diagonal strut forming within 
the joint can be calculated from sina = zc/(zc

2 + zb
2)0.5, where zc and zb represent 

the distances between the points of application of the compressive force develop-
ing in concrete on account of bending of the column and beam elements, respec-
tively, and the geometric centre of the tensile steel i.e. zc = dc − xc/2 = 380 − 1
29/2  =  315  mm and zb  =  db  −  xb/2  =  550  −  61/2  ≈  519  mm (with the sub-
scripts ‘b’ and ‘c’ indicating beam and column, respectively). Thus, sin a = 315/
(3152 +  5192)0.5 =  0.519 (and, hence, cosa =  (1 −  sin2a)1/2 =  0.855). As it is 
also indicated in Fig. 6.15, the angle b between the joint diagonal and the tan-
gents at the ends of any of the two symmetrical (with respect to the joint diag-
onal) trajectories of the two compressive stress resultants, Fj/2, carried by the 
diagonal strut, can be determined from tanb =  (zc/8)/[(zc

2 +  zb
2)0.5/2] =  (zc/4)/

(zc
2 + zb

2)0.5 = (315/4)/(3152 + 5192)0.5 ≈ 0.13.
As discussed in Sect. 6.4.4, the horizontal component of the compressive force 

developing within the diagonal strut is equal to the resultant of the horizontal 
forces acting at the upper face of the joint, i.e. Fj,h = Fs,b − Vc, where Fs,b is the 
tensile force developing in the longitudinal bars of the beam on account of bend-
ing, with Fs,b ≈ 1,016 × 103 N (see Sect. 8.4.1), and Vc is the shear force devel-
oping at the joint-upper column intersection when plastic hinge formation occurs 

Fig. 8.18   External beam-
column joint: Geometric 
characteristics, reinforcement 
details and material 
characteristics of joint, beam 
and column elements
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in the beam region adjacent to the joint. Since from the moment equilibrium of 
the joint Mf,b = 2Mc (with subscripts ‘b’ and ‘c’, as discussed earlier, indicating 
beam and column, respectively), an approximate estimate of Vc may be obtained 
by assuming that the end moments in the column are equal, even before the forma-
tion of plastic hinges at the column ends; then, Vc = 2Mc/H = Mf,b/H = 514 × 10
6/2,350 ≈ 219 × 103 N. Therefore, Fj,h = 1,016 × 103 − 219 × 103 = 797 × 10
3 N and thus, from expression 6.2, the compressive force carried by the diagonal 
strut is Fj = Fj,h/sin a = 797 × 103/0.519 = 1,536 × 103 N, the latter value being 
smaller than the maximum force FRj,max (obtained from expression 6.4) that can be 
sustained by the diagonal strut (FRj,max = (315/3) × 500 × 30 = 1,575 × 103 N).

From expression 6.5, the tensile stress resultant developing across the diago-
nal strut Tj = Fj tanb = 1,536 × 103 × 0.13 ≈ 199 × 103 N. If the latter force is 
decomposed into two components, one in the horizontal direction and one along 
the diagonal strut, then, the horizontal component Tj,h = Tj/cosa = 199 × 103/0.8
55 ≈ 234 × 103 N and, therefore, the amount of reinforcement, in the form of stir-
rups, required to sustain this stress resultant is Asj,h = Tj/fy = 234 × 103/550 = 42
5.31 mm2 (see expression 6.7), which is nearly equivalent to two four-legged stir-
rups with a total cross-sectional area of 402.13 mm2, only slightly smaller than the 
required amount (see Fig. 8.18).

On the other hand, EC8 specifies the transverse reinforcement within the criti-
cal length of the column (four-legged D8 @ 80, for medium ductility demand, or 
four-legged D8 @ 60 for high ductility demand) to continue within the joint. Thus, 
depending on the ductility demand, the code specified amount is two or three 
times as large as the amount required in accordance with the CFP method.

8.7 � Structural Wall

The wall in Fig. 8.19 is considered to be subjected to a horizontal load P acting 
at a distance of 3,100 mm from the wall base. For the geometric characteristics, 
longitudinal reinforcement and material properties indicated in the figure, the CFP 
method is used determine the transverse reinforcement required for preventing 
non-flexural failure of the wall.

8.7.1 � CFP Design

Flexural capacity. This is calculated as discussed for the case of the columns in 
Sects. 8.2 and 8.3 by taking into account the contribution of all available longitu-
dinal reinforcement. Thus, flexural capacity Mf ≈ 1,616 × 106 Nmm and the cor-
responding load-carrying capacity Pf = Mf/av = 1,616 × 106/3,100 ≈ 522 × 103  
N, where av is the distance of the applied load from the wall base (shear span). 
The calculated values of the internal forces developing in concrete and steel when 

8.6  External Beam-Column Joint
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the wall cross section attains its flexural capacity are shown in Fig. 8.20; the fig-
ure also shows the value and location of application of the resultant of the forces 
developing in the steel bars in tension.

Physical model. The wall is essentially a cantilever which is con-
structed as discussed in Sect. 6.2.1. Since the shear span-to-depth ratio 
av/d  =  3,100/979  ≈  3.17  >  2.5, the wall is characterised by type II behaviour 
and, hence, its model is as illustrated in Fig.  8.21. As discussed in Sect. 2.3, 
for type II behaviour, brittle failure may either occur in the region of location 1 
where the horizontal and inclined elements of ‘frame’ join (at a distance equal to 
2.5d = 2.5 × 979 ≈ 2,447.5 mm from the point of application of the applied load 
or at a distance equal to av − 2.5d = 3,100 − 2,447.5 = 652.5 mm from the wall 
base) or in the region of location 2 where the bending moment and shear force 
attain their largest values. [The causes of these types of behaviour are fully dis-
cussed in Chap. 2 (Sect. 2.3)].

Transverse reinforcement at locations 1. From expression 3.9, the ‘shear’ 
force that can be sustained without the need of transverse reinforcement in the 
region of location 1 is VII,1 = 0.5ftbd = 0.5 × 2.37 × 250 × 979 = 290,029 N < 5
22 × 103 N. Thus, there is a need for transverse reinforcement (Asv,1) capable of 
sustaining the whole transverse tensile force TII,1 = Vf = 522 × 103 N developing 

Fig. 8.19   Geometric 
characteristics, longitudinal 
reinforcement details and 
material characteristics of 
structural wall
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within a length 2d = 2 × 979 = 1,958 mm, i.e. Asv,1 = 522 × 103/500 = 1,044 m
m2. This amount of reinforcement is placed within a length extending to a distance 
d = 979 on either side of location 1, the latter, as discussed earlier, lying at a dis-
tance equal to 652.5 mm form the wall base. This reinforcement is provided in the 
form of eleven two-legged 8 mm diameter stirrups at spacing of 175 mm, with a 
total cross section of 1,105.84 > 1,044 mm2.
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Fig. 8.21   Physical model of structural wall

Fig. 8.20   Internal forces developing in concrete and steel when the wall cross section attains its 
flexural capacity. a Tensile forces in each steel bar. b Tensile force resultant and location of application
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Transverse reinforcement at locations 2. From expression 3.13, the ‘shear’ 
force that can be sustained without the need of transverse reinforcement in the 
region of location 2 is VII,2 = Fc*[1 − 1/(1 + 5|ft|/fc)] = 1,488,918 × [1 − 1/(1 + 
5|2.37|/30)] = 421,593 N < Vf = 522 × 103 N. Thus, there is need for transverse 
reinforcement capable of sustaining the tensile stresses developing in the region of 
location 2 due to the loss of bond between concrete and the longitudinal reinforce-
ment. The amount of reinforcement required for this purpose is calculated through 
the use of expressions 4.2 and 4.3. From expression 4.2, the nominal value of the 
transverse tensile stresses developing within the region of location 2 (extending 
from location 1 (i.e. the location of the joint of the vertical and inclined elements 
of the ‘frame’) to the wall base) is σt = 30/[5 × (1,488,918/522 × 103 − 1)] ≈ 3.
23 MPa, whereas, from expression 4.3a, the tensile stress resultant developing in 
the direction of the wall length within this region (with a length of 652.5 mm) is 
TII,2v = 3.23 × 250 × 652.5/2 ≈ 263,447 N. The amount of transverse reinforce-
ment required to sustain TII,2v is Asv,2v = 263,447/500 = 526.9 mm2, i.e. six two-
legged 8 mm diameter stirrups (with a total cross section of 603.18 > 526.9 mm2) 
placed at a 100  mm spacing. This amount of reinforcement is larger than the 
amount required within the same distance in order to safeguard against failure at 
location 1 and therefore the former replaces the latter within this region. On the 
other hand, from expression 4.3b, the tensile stress resultant developing across the 
direction of the wall length within the region of location 2 is TII,2h = 3.23 × 14
2 ×  652.5/2 ≈  149,638  N. The amount of transverse reinforcement required to 
sustain TII,2h is Asv,2h = 149,638/500 = 299.28 mm2, i.e. six 8 mm diameter bars 
(with a total cross section of 301.59 mm2) which is covered by the legs of the stir-
rups Asv,2v across the wall length within the wall edges.

Total transverse reinforcement. Therefore, the transverse reinforcement 
required to safeguard against brittle non-flexural types of failure comprises two-
legged 8 mm diameter stirrups placed throughout the wall height at spacing of (a) 
100 mm within the region extending from the wall base to the cross section at a 
distance of 652.5 mm from the base, (b) 175 mm between the latter cross section 
and that at a distance of 1,631.5 and (c) 300 mm in the remainder of the wall, the 
latter being nominal reinforcement (see Fig. 8.22).

8.7.2 � EC2/EC8 Design

As discussed in Sect. 7.3, the EC2/EC8 provisions for the design of earthquake-
resistant RC structural walls specify a reinforcement arrangement comprising one 
part forming “concealed column (CC)” elements usually extending throughout the 
wall height along the its vertical edges and the other consisting of a set of grids of 
uniformly distributed vertical and horizontal bars, within the wall web, arranged 
in parallel to the wall large side faces. The CC elements are intended to impart to 
the walls the code specified ductility, whereas the wall web is designed against the 
occurrence of “shear” failure, before the wall flexural capacity is exhausted, the 

http://dx.doi.org/10.1007/978-3-319-00488-4_3
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latter being assessed by allowing for the contribution of all vertical reinforcement 
which, for purposes of comparison, is considered to be that of the wall designed in 
accordance with the CFP method.

The specified ductility is considered to be achieved by confining concrete 
within the CC elements through the use of a dense stirrup arrangement—thus 
increasing both the strength and the strain capacity of the material. However, 
assuming moderate ductility demand and a curvature ductility ratio μϕ =  4, the 
use of expressions 5.20 in clause 5.4.3.4.2 of EC8 yields values of clear spacing 
equal to 10, 15 and 25 mm for the cases of stirrup diameters of 8, 10 and 12 mm, 
respectively, with all these solutions been inapplicable, since they result to severe 
reinforcement congestion.

On the other hand, shear failure is prevented by providing an amount of hori-
zontal web reinforcement capable of delaying shear failure before the flexural 
capacity is exhausted; this reinforcement is found to be equal to two-legged 8 mm 
diameter stirrups at a 336 mm spacing (the latter rounded up to 300 mm for practi-
cal purposes) through the use of expressions 6.5–6.12 as described in clause 6.2.3 
of EC2. The code specified reinforcement details are shown in Fig. 8.23.

And yet, comparing the code specified transverse reinforcement in Fig.  8.23 
with that in Fig. 8.22 resulting from the application of the CFP method shows that, 
in accordance with the latter method, the code specified amount of transverse rein-
forcement within the CC elements is not only inapplicable, but also unnecessary, 
whereas the code specified reinforcement within the web of the wall is insufficient 
for safeguarding against a ‘shear’ type of failure.

Fig. 8.22   Reinforcement 
details of structural wall in 
Fig. 8.19 in accordance with 
CFP method
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8.8 � Flat Slab Punching

A flat plate floor with the column layout indicated in Fig.  8.24 has a thickness 
h = 200 mm and is supported by 500 mm square columns spaced 7,000 mm on 
centres each way. The values of the top flexural reinforcement ratio in the column 
and middle strips at the slab’s cross section through the columns’ axes of sym-
metry are ρt,cs =  0.0081 and ρt,ms =  0.0026, respectively, whereas those of the 
bottom flexural reinforcement ratio in these strips at their cross section at mid 
span between successive columns are ρb,cs = 0.0032 and ρb,ms = 0.0021, respec-
tively. Check the adequacy of the slab resisting punching at a typical interior col-
umn before the slab’s flexural capacity is reached, and provide reinforcement, if 
needed. The average effective depth of the slab d  =  170  mm, the compressive 
strength of concrete fc = 20 MPa and the yield stress of the steel fy = 500 MPa.

8.8.1 � CFP Design

Load-carrying capacity corresponding to flexural capacity. Consider the por-
tion between successive columns of a longitudinal strip including a column strip 
and half middle strip on either side of the column strip. The flexural capacities of 

Fig. 8.23   Reinforcement 
details of structural wall in 
Fig. 8.19 in accordance with 
EC2/EC8 provisions

3100 

D8@10 
(D10@15)
(D12/25)

P

D8@300

D12@250

D20@150

1600

Dimensions in mm

50 50 
300 300200200

2700

500

200 200



207

this strip’s cross sections through a column and at mid span are calculated as indi-
cated in Figs. 8.25 and 8.26.

Having calculated the values of flexural capacity at the above cross sections of 
the longitudinal strip considered, and assuming a uniformly distributed load, then, 
the maximum load that can be sustained per square metre by the slab before fail-
ing in flexure may be obtained by considering the bending moment diagram of the 
strip considered as indicated in Fig. 8.27. The figure also provides an indication of 
the location of the distance of the point of zero bending moment from the nearest 
support (column’s axis).

Checking for punching. Punching may occur in the region of the slab 
enclosed by the geometric locus of the points of zero bending moment encompass-
ing a column. For the case of the square column layout of the slab in Fig. 8.24, 

Fig. 8.24   Two-way flat plate floor
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Fig. 8.25   Calculation of flexural capacity of column strip at a cross section through a column
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this geometric locus forms a circle (see Fig. 5.2) with centre the axis of symmetry 
of an interior column and radius r = 1,469 mm (see Fig. 8.27).

The physical model of the above region is depicted in Fig.  8.28. As dis-
cussed in Sect. 5.2, punching may initiate at any of the following locations: (1) 
along the geometric locus of the points of zero bending moment where, as dis-
cussed in Sect. 6.2.1, the slab portion considered is linked to the remainder of the 
slab through the development of an internal support marked as ‘3’ in the figure, 
(2) along the geometric locus of the location of change in the compressive force 
path, marked as ‘1’ in the figure, with locations 1 being situated at a distance of 
2.5d = 2.5 × 170 = 425 mm from the geometric locus of the points of zero bend-
ing moment, and (3) in the regions of strips along the axis of symmetry of the 
column’s cross section, adjacent to the column-slab interfaces, marked as locations 
‘2’ in the figure.

The resultant (T3,f) of the transverse tensile stresses developing along the 
perimeter of the slab’s portion depicted in Fig. 8.28 is numerically equal the load 
(Pf) acting on this portion when flexural capacity is attained, i.e. T3,f = Pf = 18.1
3 × (72 − π × 1.4692) = 765.46 kN. On the other hand, the value that can be sus-
tained Tu,3 = 0.5 × 1.58 × π × [(1,469 + 170)2 − (1,469 − 170)2] = 2,479.18 k
N > T3,f = 765.46 kN. Therefore, punching cannot initiate in this region.

Fig. 8.27   Calculation of slab’s load-carrying capacity corresponding to flexural capacity
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qf = 8x777.43/72 = 126.93 kN/m, or 
qf = 126.93 /7 ≈ 18.13 kN/m2
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Fig. 8.26   Calculation of flexural capacity of column strip at a cross section at mid span between 
successive columns
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The resultant (T1,f) of the transverse tensile stresses developing along the geo-
metric locus of locations ‘1’ is numerically equal to the shear force resultant (V1,f), 
i.e. T1,f = V1,f = 18.13 × [72 − π × (1.469 − 0.425)2] = 826.29 kN, whereas the 
value that can be sustained is TII,1 = 0.5 × 1.58 × π × [(1,044 + 170)2 − (1,044 
− 170)2] = 1,761.92 kN > T1 = 826.29 kN. Therefore, punching also cannot initi-
ate in this region.

As discussed in Sect. 5.2.1, punching in the vicinity of the column is resisted 
by slab strips along the axes of symmetry of the column’s cross section with 
width defined by expressions 5.1 and 5.2. From expression 5.2, λ1 = 2 − 100 × 
0.0081  ×  500/500  =  1.19 and λ2  =  1. Replacing λ1 and λ2 with their values, 
expression (5.1) yields the strip width wII,2 = 500 + 2 × 1.19 × 170 = 904.6 m
m. The strip flexural capacity at its interface with the column and the corre-
sponding internal forces Fc and Fs sustained by concrete and steel, respectively, 
are calculated as indicated in Fig. 8.29. Then, from expression 5.3, the punching 
force that can be sustained by the strips PII,2 = 4VII,2 = 4 × 622,817 × [1 − 1/
(1 + 5 × 1.58/20)] = 705,413 N. On the other hand, when the flexural capacity is 
attained, the punching force acting on the slab Pf = 18.3 × (72 − 0.52) = 892,12
5 N > PII,2 = 705,413 N. Thus, reinforcement is required for preventing punching 
before flexural capacity is attained.

Reinforcement for safeguarding against punching. Each of the four strips 
should be reinforced so as to be capable of sustaining a shear force Vf equal to one 
quarter of the total acting punching force Pf, i.e. Vf = Pf/4 = 892,125/4 = 223,031.2
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Fig. 8.28   Physical model of portion of the slab in Fig. 8.24 in the region of an interior column
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5 N. The transverse tensile stresses developing in the compressive zone of the strips 
when flexural capacity is attained are calculated through the use of expression (4.2). 
i.e. σt = fc/[5(Fc/Vf − 1)] = 20/[5 × (622,817/223,031.25 − 1] = 2.23 MPa.

Thus, from expression 4.3a, the vertical tensile stress resultant developing within 
the compressive zone of the strip between the cross sections at the column-slab 
interface and the location of change in the compressive force path TII,2,v = 0.5 × 2.2
3 × 904.6 × [(1,469 − 2.5 × 170) − 500/2] = 800,851.43 N, whereas, from expres-
sion 4.3b, the horizontal tensile stress resultant developing within the compressive 
zone of the same portion of the strip TII,2,h = 0.5 × 2.23 × 25 × [(1,469 − 2.5 − 1
70) − 500/2] = 22,132.75 N. Ignoring the contribution of concrete (see Sect. 5.3), 
the total amount of reinforcement required to sustained these forces is Asv,v = 800,8
51.43/500 = 1,601.7 mm2 i.e. thirty two 8 mm diameter bars with 200 mm spacing 
across and 100 mm spacing along the strips and Asv,h = 22,132.75/500 = 44.27 mm
2 i.e. one 8 mm diameter bar. The resulting reinforcement arrangement is, for clarity 
purposes, depicted in one of the four strips shown in Fig. 8.30.

Fig. 8.30   Reinforcement specified by CFP method for safeguarding against punching
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Fig. 8.29   Calculation of flexural capacity (Mf) of column strip resisting punching at its intersec-
tion with column and corresponding internal forces sustained by concrete (Fc) and steel (Fs)
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8.8.2 � EC2 Design

The reinforcement specified by EC2 for safeguarding against punching is shown 
in Fig.  8.31a and b. As for the case of Fig.  8.30, for clarity purposes only the 
reinforcement placed within one of the four integral beams resisting punching is 
shown in Fig. 8.31b. Comparing the reinforcement details shown in Figs. 8.30 and 
8.31 indicates that the total amount of reinforcement specified by the CFP method 
is 128 × D8 vertical + 4 × D8 horizontal bars = 6,635 mm2 which is larger than 
both the 96 × D10 vertical bars = 4,825 mm2 specified by EC2 within the inte-
gral beams and the 80  ×  D8 radially placed vertical bars  =  4,021  mm2 which 
is the alternative reinforcement arrangement also specified by EC2. It should be 
noted that, in contrast with EC2, CFP also specifies horizontal reinforcement in 

Fig. 8.31   a Radial 
reinforcement specified 
by EC2 for safeguarding 
against punching. b 
Reinforcement specified 
within integral beams by 
EC2 for safeguarding against 
punching
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the compressive zone across the integral beam as indicated in Fig. 8.30. It should 
also be noted that, as discussed in Sect. 5.4.3, even if the code specified reinforce-
ment were to increase to the amount of the reinforcement resulting from the use of 
the CFP method, the former would not be as effective as the latter, with this being 
indicative of the significant contribution of horizontal reinforcement specified by 
the CFP method to punching resistance.

8.9 � Prestressed Concrete Beam

Figure  8.32 shows a prestressed concrete beam which is one of the specimens 
whose behaviour was investigated in a research programme [1] concerned with the 
verification of the validity of the initial version of the proposed method [1.1]. The 
beam, which is subjected to the loading arrangement also shown in the figure, is 
constructed with concrete with fc = 44 MPa, tendons with a maximum sustained 
stress fpu = 1,900 MPa and total cross-sectional area Ap 205.4 mm2. Specify the 
amount of transverse reinforcement required for safeguarding against a brittle type 
of failure.

Flexural capacity. From Fig. 8.33, the equation Fc = bxσc = Fs (where x is 
the depth of the compressive zone, σc =  fc + 5ft = 44 + 5 × 3.29 = 60.45 MP
a (see expressions 3.2a and 3.3), and Fs  =  Apfpu  =  205.4  ×  1,900  =  390,260 
N) yields x = 32.28 mm. Hence, the lever arm of the internal longitudinal forces 
is z =  d −  x/2 =  240 −  32.28/2 =  223.86  mm, and thus the flexural capacity 
Mf = 390,260 × 223.86 = 87 363 604 Nmm.

Shear force diagram. From the equilibrium conditions of any of the two 
halves of the beam, when it flexural capacity is attained, the values of each of the 
applied loads and the reaction are found to be Pf = 16.05 kN and Rf = 3Pf = 3 
× 16.05 = 48.15 kN, respectively. For these values of Pf and Rf, the shear-force 
diagram is as indicated in Fig.  8.34. From this diagram, the design shear force, 
within the portion of the beam between the support and the point load closest to it, 
is Vf = 48.15 kN.

Dimensions in mm
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Fig. 8.32   Prestressed-concrete beam under a six-point loading arrangement
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Physical model. Although the beam is subjected to six-point loading, the pre-
sent case is treated as a case of two-point loading since, as indicated in Fig. 8.34, 
the six loads are applied in the middle portion of the beam, symmetrically about 
the mid-span cross-section, with the remainder of the beam comprising two large 
shear spans, each of length av =  1,357  mm. The location of the horizontal and 
inclined elements of the ‘frame’ is at a distance 2.5d = 2.5 × 240 = 600 mm from 
the closest support. As this location lies within the shear span, the beam should be 
characterised by either type I or type II behaviour depending on whether or not 
failure at locations 1 and 2 occurs under values of the shear force smaller than that 
corresponding to flexural capacity.

Checking for failure at locations 1 and 2. From expression 3.9, the shear force 
that can be sustained without the need of transverse reinforcement in the region of 
location 1 is VII,1 = 0.5 × 3.29 × 200 × 240 = 78,960 N > Vf = 48,150 N. Also, 
from expression 3.13, the ‘shear’ force that can be sustained without the need of 
transverse reinforcement in the region of location 2 is VII,2 =  390,260 ×  [1 −  1/
(1 +  5|3.29|/30)] =  138,208  N  >  Vf =  48,150  N. Therefore, there is no need for 
transverse reinforcement, other than a nominal amount in the form of stirrups at a 

Fig. 8.33   Geometric characteristics and internal actions at mid cross section of prestressed-
concrete beam in Fig. 8.32 when its flexural capacity is attained
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spacing of up to 0.5d, capable of sustaining transverse stresses equal to 0.5 MPa. 
One stirrup with a 6  mm diameter at 120  mm  cc spacing with fy  =  460  MPa is 
capable of sustaining (πx62/4) × 460 = 13,006 N. As the transverse stress result-
ant of a uniformly distributed tensile stress of 0.5  MPa developing within a 
length of 240 mm is Tw = 0.5 × 50 × 240 = 6,000 N within the beam web and 
Tf = 0.5 × 200 × 240 = 24,000 N within the flange, a one-legged stirrup (type 1) in 
the web combined with a two-legged stirrup (type 2) within the flange are placed as 
indicated in Fig. 8.35.

8.10 � Square Footing

A column 500 mm square, with fc = 30 MPa, reinforced with eight 25 mm diam-
eter bars of fy = 500 MPa, supports a dead load of 1,000 kN and a live load of 
800 kN. The allowable soil pressure qa is 270 kN/m2. Design a square footing with 
a base 1.5 m below grade, using fc = 30 MPa and fy = 500 MPa.

Preliminary design. Since the space between the bottom of the footing 
and the surface will be occupied partly by concrete and partly by soil (fill), an 
average unit weight of 20  kN/m3 will be assumed. The pressure of this mate-
rial at the 1.5  m depth is 1.5 ×  20 =  30  kN/m2, leaving a bearing pressure of 
qe = 270 − 30 = 240 kN/m2 available to carry the column service load. Hence, 
the required footing area Areq = (1,000 + 800)/240 = 7.5 m2. A base 2.8 m square 
is selected, furnishing a footing of 7.94 m2, which differs from the required area 
by about 4.5 %.

Following current design practice regarding the minimum reinforcement areas 
and maximum spacing (see clauses 9.2.1.1 and 9.3.1.1 of EC2), the flexural rein-
forcement selected comprises seven 20  mm diameter bars in either direction at a 
400 mm spacing (the latter being the maximum allowed) (see Fig. 8.36). For a foot-
ing depth d = 500 mm, the total cross-sectional ratio of the above reinforcement in 
either direction is ρ = 7 × π × (202/4)/(2,800 × 500) = 0.00157 > ρmin = 0.0013.

Check for flexural capacity. From Fig. 8.36, the flexural capacity of the foot-
ing cross section containing column-footing intersection is Mf  ≈  545  kNm and 
thus qf = 2 × 544.502/(2.8 × 1.15) ≈ 339 kN/m2 > qe = 240 kN/m2.

Fig. 8.35   Nominal stirrup 
arrangement
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Modelling of footing. The footing of Fig. 8.36 may be viewed as an inverted flat 
slab subjected to a uniform pressure at its interface with the ground as a result of the 
patch load imposed upon it by the column. As for the case of a flat slab, punching 
is considered to be resisted by four strips fixed at the column’s sides and extending 
along the axes of symmetry of the column’s cross section; the pressure acting on the 
strips may be replaced by a point load (qa), acting at mid span, which is equivalent 
to the real load in that, not only is it equal to it and causes the same bending moment 
at the strip’s fixed end, but also causes internal actions which, although more critical, 
do not exhibit a significant deviation from their real counterparts (see Fig. 8.37)

For the equivalent point load qa indicated in Fig.  8.37 the strip is mod-
elled as indicated in Fig.  8.38. From Fig.  8.36, the shear span-to-depth ration 
av/d  =  (1,150/2)/500  =  1.15 and, hence, the strip is characterised by type III 
behaviour. From expression (5.2), λ1  =  2  −  100ρfy/500  =  2  −  100  ×  0.001
57  ×  500/500  =  1.843 and λ2  =  1; thus, from expression (5.1), wII,2  =  wc 
+  2λd  =  500  +  2  ×  1.843  ×  500  =  2,343  mm. The strip’s flexural capacity 
is obtained from expression 3.14 in which MIII  =  MII

(2.5d)  +  (Mf  −  MII
(2.5d))

(2.5d −  av)/(1.5d), where Mf ≈  390  kNm is obtained as indicated in Fig.  8.38, 
MII

(2.5d)  =  (2.5d)min(VII,1,VII,2), with VII,1 and VII,2 resulting from expressions 
3.9 and 3.13, respectively, i.e., for VII,1 =  0.5 ×  2.37 ×  2,343 ×  500 ≈  1,388 
kN and VII,2 = 785,400 ×  [1 − 1/(1 + 5 − 2.37/30)] = 222.39 kN, MII

(2.5d) = 
2.5 × 0.5 × 222.39 = 277.99 kNm and, hence, MIII = 277.99 + (390 − 277.99)
(2.5  −  1.15)/1.5  =  378.8  kNm, the latter corresponding to VIII  =  378.8/
(1.15 × 0.5) = 658.78 kN. Thus, the four strips sustain a load PIII = 4 VIII = 4 × 

Fig. 8.36   Footing design details and calculation of flexural capacity

http://dx.doi.org/10.1007/978-3-319-00488-4_5
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http://dx.doi.org/10.1007/978-3-319-00488-4_3
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Fig. 8.38   Physical model of footing and calculation of flexural capacity of strips

x 

y 

a 
a/2

q 

qa
q 

qa

q 

qa

a 

a/2

Bending moment 
diagrams

Equivalent loads

qa

a 
Shear force diagrams

qa2/2

qa

Fig. 8.37   Footing strips and equivalent loads and internal force diagrams
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658.78 = 2,635.12 kN > 1,800 kN and hence the footing is capable of sustaining 
the acting force without the need of transverse reinforcement.

EC2 check for punching. The check is made at the control perimeter at 2d 
which has a length 4wc, + 2πd = 4 × 500 + 2 × π × 500 = 5,141.59 mm. From 
expression 6.47 (clause 6.4.4 of EC2), the punching shear resistance VRd,c = {0.1
8 × [1 + (200/500)1/2] × [100 × 0.00157 × (30 − 8)]1/3} × 5,141.59 × 500 = 1
,141,884 N ≈ 1,142 kN < 1,800 kN. Hence, the footing is not capable of sustain-
ing the acting force without the need of transverse reinforcement. In order to avoid 
placing transverse reinforcement, the footing height is increased to 980 mm; this 
increases VRd,c to 1,811,685  N ≈  1,811  kN  >  1,800  kN and, hence, the footing 
becomes capable of sustaining the acting force.
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8.10  Square Footing
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